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Summary 
 
 
Two themes form the basis of this study on fibre reinforced laminated composites: namely 
‘thermal residual stress’ and ‘transverse cracking’.  
 
Thermal residual stresses are inherent to any composite structure and are internal stress within 
the structure that form during manufacture. Their formation arises from the difference in 
coefficient of thermal expansion of the fibre and the matrix. These stresses will act on both a 
fibre-matrix scale and on a ply-to-ply scale within a laminate. The presence of residual stress 
reduces the strength potential of composites.  
 
Transverse cracks are formed in laminates, which comprise plies of different fibre orientation. 
Transverse cracks run parallel to the fibres, through the thickness of an individual ply and are 
induced by a stress field acting transverse to the fibres. These cracks are recognised as being 
the first damage mechanism to occur in composite structures. Although the formation of 
transverse cracks is not generally directly responsible for the complete fracture of a composite 
structure, transverse cracks can serve to catalyse the development of further damage 
mechanisms.  
 
In certain composite systems, the level of thermal residual stress in a direction transverse to 
the fibres can approach the stress at which transverse cracking occurs. This is the case for the 
unidirectional carbon-fibre/polyetherimide system formed as a cross-ply laminate. The  
carbon-fibre/polyetherimide system combines a large difference in coefficient of thermal 
expansion between the fibre and the matrix with a large temperature differential during initial 
process cooling. This combination leads to large residual stresses in the laminate after its 
formation. The high level of residual stress that can be obtained with this system makes it 
ideal for the study of the effect of residual stresses on the formation of transverse cracking.  
 
This study investigates the role played by the residual stresses in the formation of transverse 
cracks in composite laminates. Limiting stress and energy release failure criteria are examined 
for the prediction of transverse crack formation in transversally loaded cross-ply carbon-fibre 
reinforced polyetherimide laminates The level of residual stress in the laminates considered is 
varied in different ways. The experimental and theoretical study concentrates initially on 
transverse crack formation in beam specimens under 3-point bending. A final section extends 
the study to the crack formation in point loaded laminate plates, where specimen edge effects 
are eliminated. The thesis is divided into 4 chapters, each representing a separate article 
dealing with a different aspect of the study. 
 

In chapter 2, the quantification of the thermal residual stress on a macroscopic scale is 
reviewed. Particular attention is paid to the relaxation of these stresses with time after 
manufacture in a carbon-polyetherimide cross-ply laminate. Both experimental measurement 
and theoretical modelling of the residual stress relaxation of cross-ply carbon-polyetherimide 
laminates are reported. The modelled stress relaxation values are found to be significantly 
lower than those measured experimentally. This discrepancy is explained by the formation of 
transverse cracks during the experiments, which leads to an irreversible increase of the 
laminate compliance. The initiation of transverse cracks under only the presence of sufficient 
residual stress in the cross-ply laminate is confirmed by modelling of the stresses occurring in 



   

the matrix around a fibre. It is shown that crazing can occur in regions of poor fibre-matrix 
interface, which could induce crack formation in regions of high fibre concentration. 

 
In chapter 3, the formation of the first transverse crack in a cross-ply beams subjected to 

bending is studied with varying levels of residual stress. The different levels of residual stress 
are obtained by using different laminate lay-ups. The measurement of the bending compliance 
before the occurrence of the first transverse crack shows that there exists a residual stress limit 
above which micro-cracking on a fibre-matrix occurs within the laminate before external 
loading is applied. The presence of these micro cracks induces the formation of the first 
transverse crack at lower applied loads. The applicability of a limiting stress criterion and an 
energy criterion to predict the onset of transverse crack formation is discussed. 

 
The fourth chapter repeats the studies performed in the previous chapter, but now varying 

the residual stress by changing the test temperature rather than varying the laminate lay-up. It 
is necessary to take account of the material property changes of the composite system at the 
different temperatures. Results of this further study reinforce the conclusions drawn from 
chapter 3. 

 
Studies with beam specimens are simplified by being essentially a 2-dimensional problem, 

but the presence of the beam edges can serve to affect transverse crack formation. Chapter 5 
extends the investigation to the formation of transverse cracks in the same carbon-fibre/ 
polyetherimide laminates, but in transversally loaded plates, where crack formation is far 
removed from edge effects. Results show that the residual stresses present in the laminate are 
again sufficiently high to cause micro-damage, thus increasing the compliance of the system. 
The initiation of transverse cracks in plate and beam specimens cut from the same laminate is 
examined using a limiting stress criterion. The stress required for crack formation in the plate 
is always higher in the plate than in the equivalent beam specimen. This difference is 
attributed to the edge effects of the beam specimen, where cracks can initiate more easily. 
 

It is concluded that 
• There is a large relaxation of the thermal residual stresses in the thermoplastic matrix, 

carbon-fibre/polyetherimide laminate system after manufacture. This relaxation must be 
taken into consideration in any stress analysis seeking to predict the onset of transverse 
crack formation. 

• The high residual stresses that can form in the laminates of carbon-fibre/polyetherimide 
are sufficient to induce micro-damage in the structure even before any external loading is 
applied. Weak interface adhesion between fibre and matrix serves to increase the chance 
of micro-damage occurring. 

• Transverse cracks are formed in the cross-ply laminates under a combination of the 
thermal residual and externally applied stresses. A simple addition of these two terms in 
the application of a limiting stress criterion is inadequate to predict the onset of failure in 
the carbon-fibre/polyetherimide system. The micro-damage, which occurs under the 
action of the residual stress alone, induces micro-cracks, thus changing the properties of 
the material and rendering a limiting stress criterion inappropriate. 

• Where the residual stress leads to micro-damage and micro-crack formation, a fracture 
mechanics approach to the prediction of composite failure may be more appropriate. 
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Chapter 1 
 

Introduction 
 
 

1.1. General introduction 
Fibre-reinforced composite materials combine the characteristics of at least two 
components in order to obtain unique properties. For example, continuous fibre 
composites are known for their high specific stiffness and strength compared to steel 
and aluminium. The fibres are used for their high stiffness and strength primarily to 
reinforce the matrix material in which they are set. The matrix protects and binds the 
fibres together and transfers load between fibres. The wide range of available fibres 
and matrices and the different ways the two components can be combined make it 
possible to tailor a composite to a large range of applications. This also makes the 
description and the prediction of the mechanical behaviour of a composite very 
demanding.  
 
When considering the failure behaviour of a composite for example, the specificity of 
composites is reflected in the way they absorb energy. Although metals will absorb 
energy through elastic and plastic deformation, composites cannot undergo large 
plastic deformation and will absorb energy by creating multiple crack surfaces induced 
by different failure modes [1].  
 
Prediction of the failure behaviour of any structure made from composites normally 
requires a thorough stress analysis. This requires taking the thermal residual stresses 
into consideration, in addition to the usual mechanically applied stresses due to the 
external loads, whichever analytical method is used. The residual stresses build up 
during fabrication of the composite as it is cooled from the melt temperature of the 
matrix to room temperature, thus fixing and embedding the fibres. Thermal residual 
stresses arise from differences in the coefficients of thermal expansion of the matrix 
and the fibre. The presence of residual stresses in the composite are known to reduce 
their apparent strength. These stresses are mostly taken into account in a stress analysis 
by simply adding them to the mechanically applied stresses.  
 
Other effects related to the residual stresses are less known. It has been suggested that 
the thermal residual stresses can cause the failure of fibre-matrix interfaces even before 
testing [2,3]. Combination of a few of these fibre-matrix debonds can lead to the 
formation of micro-cracks, which can in turn induce premature failure, particularly in a 
direction parallel to the fibres. Such failure mechanisms are difficult to observe and 
leave the question of their possible effect on the overall behaviour of the composite. 
Also the relaxation of the residual stress between the processing of the composite and 
its use can influence the quantification of these stresses. These changes need to be 
taken into consideration to accurately quantify the stresses in a mechanically loaded 
system, especially to determine the state of stress before the onset of failure. 
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The present study addresses the problem of the influence of the level of residual 
stresses on the failure behaviour in composites. The failure behaviour studied was 
limited to a description of the stress required for the occurrence of the first fully-grown 
crack to initiate in cross-ply beams subjected to a three point bend test. In the 
experimental studies performed, the level of thermal stresses in the test specimens was 
varied through two routes. The most straightforward way was to test at different 
temperatures. The second approach used different cross-ply lay-ups to achieve 
different levels of residual stress while testing at one temperature. Using the three 
point bend test provides a simple two-dimensional plane strain situation as the basis 
for studying the transverse crack formation. Failure criteria observed under the beam 
loading conditions do not necessarily represent the more common situation of crack 
formation in plates. Hence the study was extended to consider transverse crack 
formation in point loaded laminated plates in bending, where cracks form in a three-
dimensional stress field.  
 
The system selected for the studies was carbon-polyetherimide. This system has been 
considered for possible use in the aircraft industry, because of the toughness of the 
thermoplastic polyetherimide matrix. Previous studies [4] were available quantifying 
the residual stresses obtained in cross-ply laminates for this system. These had shown 
that the system provided a high level of residual stresses, which arose from the 
relatively high temperature at which the polyetherimide matrix set during the laminate 
manufacture. Hence the carbon-polyetherimide system provided (a) established data 
on the level of residual stresses , (b) a wide range of possible residual stresses to study 
their effect on transverse crack formation.  
 
Some important related principles will be shortly developed next and this introductory 
chapter is concluded by an outline of the thesis. 

1.2. Transverse cracking 
The composites studied in this thesis are built up from layers of unidirectional fibres 
embedded in matrix and laminated at different angles. It is worth defining at this stage 
the scales at which the analysis of a composite might be considered.  
 
The smallest scale of consideration, called micro-scale, concerns the interaction 
between the fibre and the matrix. The quadrant of a single fibre with attached matrix, 
shown in figure 1.1-a, is assumed to be representative of the composite structure at that 
level of detail. Such micro-scale models can be used to study the relationship between 
the individual properties of fibre and matrix with that of the composite formed (termed 
micro-mechanics). For example, the properties of the composite layer made of 
continuous fibre oriented in one direction (figure 1.1-b) can be analysed using a micro-
mechanics approach.  
 
The properties at the ply level (macro-scale) are mostly considered as average 
properties for each of the length, width or thickness directions, which are therefore 
assumed to be transversally isotropic. At this level, the properties and behaviour of an 
individual ply are considered without reference to the constituents at the micro-scale. 
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The individual plies are laid-up to produce laminates, as shown in figure 1.1-c. This 
represents a further level of macro-scale consideration, where each ply interacts with 
adjacent plies, because of the variations of the properties of the ply with fibre 
orientation. 
 

Micro-scale

Macro-scale:

(a)

Ply level

Laminate level

(b)

(c)

 
figure 1.1: Scales at which the mechanics of composites is considered: (a): Micro-scale; (b): Macro-
scale. 

 
At a macro-scale, it is recognised that the first failure to occur in composites made of 
unidirectional layers is the formation of a transverse crack (alternatively termed a 
matrix crack). Such cracks run parallel to the fibres and grow to penetrate the full 
thickness of the ply in which they form. Although transverse crack formation does not 
necessarily directly induce the total collapse of the composite, the presence of 
transverse crack in one or more plies does influence the mechanical [5,6] and thermal 
properties [7] of the composite. Transverse cracks can also trigger further critical 
damage mechanisms, which can lead to the total collapse of the laminate. Transverse 
cracks trigger delamination [1,8,9,10,11], which is an interfacial crack between two 
plies of different orientations. Transverse cracks also provide paths for the ingress of 
surrounding fluids leading to environmental degradation [12,13]. Examples of a 
transverse crack and a delamination are illustrated in figure 1.2-b where the initial 
damage mostly occurring in a [90/0]s cross-ply laminated beam subjected to a three 
point load is sketched. In this case, the transverse crack initiates at the free surface of 
the laminate. In more complex laminate lay-ups, transverse cracks can also form 
internally, where they are alternatively called shear cracks. figure 1.3 shows a cross-
section of an impacted cylinder, sectioned through the point of impact, showing 
examples of both transverse cracks and delaminations. 
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Transverse crack Delamination

90o

90o

0o

y

z
x

(a) (b)  
figure 1.2: (a): Three point bend test of a [90/0]s laminated beam. (b): Close-up showing a transverse 

and a delamination. 

 
The origin of transverse cracking lies in the composite behaviour at the fibre-matrix 
interface, when it is loaded transverse to the fibre direction. Conditions for transverse 
crack formation need to be considered at the micro-scale level, and several authors 
[14,15,16] have analysed the conditions at which interface failure may occur. These 
studies are concerned with crack formation both far from the free edge of the specimen 
[14] and at the free edges [15,16]. In the latter situation, stress singularities occur at the 
free edge of the fibre. Failure tends to initiate at the free edge of a finite width 
specimen, because of the stress situation at this position. Transverse crack formation is 
then the result of propagation from an inherent flaw or the coalescence of micro-cracks 
generated at the fibre-matrix interface.  
 

 
figure 1.3: Cross-section of an impacted composite tube illustrating 

transverse cracks and delaminations. 

 
Early work on transverse cracking was performed on cross-ply laminated specimens 
loaded in tension. Much work has been done in characterising and predicting 
transverse cracking in tensile specimens. Some authors have based the modelling of 
the influence of transverse cracks on the stiffness of the specimen on shear-lag analysis 
[5,17,18,19]. Others have used variational mechanics for the same purpose [20,21,22]. 
The failure criteria used can be ranged into two categories: strength-based models 
[18,23,24], or energy release rate-based models [17,21,22,25,26]. A disadvantage of 
the strength of material approach is that the stress at the occurrence of the transverse 
cracks is dependent on the lay-up used as well as on the ply thickness [17,18]. The 
strength of the unidirectional laminate used in this method cannot be used as a basic 
material property [27,28]. An overview of different analytical methods, as well as the 
possible failure criteria was presented and evaluated by Nairn, Hu and Barck [28]. 
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They concluded that the only satisfactory analysis able to describe the behaviour of the 
various range of lay-ups is the one that uses variational analysis in combination with 
an energy-release-rate failure criterion. 
 
The situation in a laminate subjected to bending is different to that in a tensile 
specimen. The stresses in the cross-section of a tensile specimen are constant over its 
length. The probability that a large defect exists along the length to initiate the first 
transverse crack is therefore relatively high. In a beam loaded under three point bend, 
the stresses vary along the length of the beam and are only maximum over a limited 
volume of the composite. Compared to the tensile specimen, the probability that the 
first transverse crack is initiated by a large defect in this region is therefore lower. This 
is illustrated by comparing the stresses at the occurrence of the first transverse crack in 
a unidirectional laminate when tested under the two different conditions. The results 
obtained with a tensile specimen can be half the value obtained under bending [29,30]. 
The term “first transverse crack” is therefore not used in tensile tests, where one 
prefers predicting the crack density as a function of the applied load.  
 
The present study concentrates on the macroscopic formation of the first transverse 
crack. For the reason outlined above, it was chosen to test beams under quasi-static 
three point bend conditions. The lay-up adopted was chosen to facilitate the 
observation of the transverse crack formation. Hence, the layer in which the 
transverse crack would occur was placed at the free surface, where the bending stress 
is maximum. Beside the fact that it becomes easy to detect visually, the formation of 
transverse crack in a [90/0]s lay-up under bending will lead to a clear increase in 
compliance of the beam, when compared to that of [0/90]s. An increase in compliance 
at the formation of the crack also eases the use of an energy release rate-based 
method. An advantage of using a finite width beam for the test specimen, lies in the 
relative simplicity of analysis when considering the problem on a macroscopic scale. A 
disadvantage, however, is that failure may occur at the edges of the specimen. The 
conclusions drawn on the basis of beam testing therefore need to be confirmed on a 
different test specimen geometry where failure will not initiate from the edges. A 
centrally, transversally loaded square plate geometry was adopted for this purpose. 

 
The occurrence of the first transverse crack is characterised in this thesis by the 
corresponding stress for its formation. This stress can be used in a simple strength-
based failure criterion. Such criteria are semi-empirical and are used here as a basis 
for discussion on the effects of the level of residual stress on the conditions for 
transverse crack formation. An energy release rate method is also developed in one of 
the chapters. 
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1.3. Thermal residual stresses 
The difference in coefficients of thermal expansion of the fibre and matrix combined 
with the temperature step during the fabrication of the composite, causes complex 
mechanisms of differential shrinkage in the composite. This results in thermal residual 
stresses, which are not insignificant and must be taken into account in any stress 
analysis of the composite structure.  
 
There are various ways in which the residual stresses can influence the behaviour of a 
composite. Here again, it is possible to consider the residual stresses either on a micro 
or macro-scale. When considering a fibre embedded in a matrix in the single fibre 
situation, the temperature change on cooling from the melt or solidification 
temperature of the matrix to room temperature, leads to shrinkage of the matrix onto 
the fibre. This enhances the adhesion of the matrix on the fibre by increasing the Van 
der Waals forces reducing the distances between the atoms of matrix and fibre. In the 
case of a thermoplastic matrix, this partly compensates for the absence of chemical 
primary bonds at the fibre-matrix interface [31]. A different situation exists at the free 
end of a fibre. Due to the biaxial contraction of the matrix on cooling, tensile radial 
stress occurs at the fibre-matrix interface near the fibre ends. This will therefore 
contribute to the formation of micro-cracks at the fibre-matrix interface in the region 
of fibre ends [16,32]. In the case of a multi-layer laminate, the constraints induced by 
the adjacent layer will locally change the stress situation at the fibre-matrix interface. 
This can lead to radial tensile stresses at the fibre-matrix interface.  
 
On a macroscopic scale, the coefficient of thermal expansion of a ply is dependent on 
its orientation. Thermal residual stresses will therefore also build up on a ply-to-ply 
basis in a laminate built-up from layers with different orientation. The level of residual 
stresses reached with certain lay-ups and material combinations can be critical for the 
integrity of the composite. As an example, the level of residual stresses in the 90° layer 
of a cross-ply carbon-polyetherimide laminate can be of the same sort of order as the 
experimentally determined tensile strength of a uniaxial 90° laminate [33 (chapter 3 of 
this thesis)]. This means that failure would be expected to occur soon after any further 
mechanical stress is applied. 
 
In order to provide a large range of thermal residual stresses for this study, a 
thermoplastic matrix was used, which had a high processing temperature. This 
provided a large temperature differential during cooling and hence higher residual 
stresses at the test temperature. The polyetherimide chosen is amorphous, thus 
avoiding the necessity to take volumetric changes due to crystallisation into 
consideration for residual stress determination. Carbon fibre has a negative 
coefficient of thermal expansion longitudinally, this provides the highest differential 
shrinkage between fibre and matrix, which also contributes to the formation of high 
residual stresses. Eijpe [4] described the measurement of the residual stresses of the 
carbon-polyetherimide system after fabrication in detail. The further important factor 
of residual stress relaxation between fabrication and testing will be measured and 
analysed in this thesis. 
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1.4. Outline of the thesis 
This thesis contains four main chapters. The work has been prepared as a series of 
papers, ready for immediate publication in journals, with each chapter forming one 
independent paper. This leads to a requirement of some review of the previous 
‘publication’ in certain chapters. The author apologises for any inconvenience caused 
by this way of presenting the thesis, with the consequent repetition of some essential 
details in different chapters.  
 
The second chapter considers the quantification of the thermal residual stresses on a 
macroscopic scale, in particular focusing on the relaxation of the ply-to-ply residual 
stresses in a thermoplastic matrix cross-ply laminate. The measurements are based on a 
method for measuring the residual stresses described by Nairn and Zoller [34]. The 
formation of transverse cracks induced by the residual stresses is reported. A micro-
scale model is developed, analysing the situation in the matrix near the fibre-matrix 
interface, due to the residual stresses, which supports the observation made during the 
experiments. 
 
The third chapter investigates the effect of the level of residual stresses on the failure 
stress at the occurrence of the first transverse crack in a loaded structure. Cross-ply 
beam specimens, with the 90° layer at the free surface, were subjected to three point 
bend testing and loaded until the first transverse crack occurred. The level of ply-to-
ply thermal stresses was varied through the use of different lay-ups of the beams 
tested. Although the thickness of the outer 90° layer was kept constant, the 
composition of the central 0° layer was varied both in thickness and in the type of fibre 
used. All the investigations in this section were conducted at one test temperature 
(23°C). Both stress and energy types of failure analyses were applied. This study 
shows that there exists a residual stress level above which micro-damage is induced. 
Development of micro-damage reduces both the stiffness of the composite and the 
stress for the occurrence of the first transverse crack. 
 
The aim of the fourth chapter is similar to that of the third chapter, as it investigates 
the influence of the residual stresses on the occurrence of the first transverse crack. 
However, in this section, the level of residual stress is varied by changing the test 
temperature and keeping the composite lay-up constant. The properties of the 
constituents of the composite at the different temperatures play a key role in this case. 
The conclusions drawn in this chapter confirm those obtained in chapter 3, for the 
critical residual stress level for micro-damage and the relative reduction of stress 
measured at fracture, as the residual stress increases. 
 
In the fifth chapter, further checks are made that the conclusions drawn from tests on 
beam specimens are not specific to this geometry. Damage initiates at the free-edges of 
the three point bend specimens. Hence the possible effects of the different state of 
stress at the edges on crack formation was examined. The investigations are extended 
to crack formation in square plates loaded transversally and centrally, where cracks 
initiate in the body of the specimen, far removed from any possible edge.  
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Chapter 2 

 

On the relaxation of thermal residual stresses and related 
damage in carbon-polyetherimide laminates 
 
 

2.1. Introduction 
Thermal residual stresses are inherent to fibre reinforced composites and are 
influenced by the respective thermo-mechanical properties of their two constituents. 
They build up when the laminate cools down from the processing temperature to room 
temperature. Residual stresses will be present on a fibre-matrix scale (micro-scale), 
where for example the contraction of the matrix on the fibre can enhance the fibre-
matrix adhesion [1]. When considering a composite laminate built up from layers 
having different orientations, the residual stresses will also be present on a ply-to-ply 
scale (macro-scale). In contrast to the micro-stresses, these macro-stresses are 
relatively easy to quantify experimentally. Worth mentioning are the methods for 
determining the residual stresses at the macro-scale, involving the measurement of the 
curvature of non-symmetric laminate developed by Nairn and Zoller [2], and the 
modified layer removal method developed by Eijpe [3] resulting in a stress profile over 
the whole thickness.  
 
Polymeric matrices, especially thermoplastics, are viscoelastic. Viscoelasticity can 
therefore be important in a ply of a laminate in the direction perpendicular to the 
fibres, where the properties are dominated by the matrix. It is proposed here to 
investigate the influence of the matrix viscoelastic behaviour on the amount of residual 
stresses after fabrication in a [90/0]s laminate. This will be performed through a 
theoretical model supported by experiments. For the model, the viscoelastic properties 
of the layers will be derived using an assumption of pseudo-elasticity as a first 
approximation [4]. This means that the elasticity moduli of the constituents used in a 
micro-mechanical elastic solution for estimating the elastic properties of a composite 
layer (for example through rules of mixtures or Halpin-Tsai relations [5]) are replaced 
by the corresponding relaxation moduli. Experiments are performed on a carbon-
polyetherimide system and the Nairn and Zoller method is applied for the evaluation of 
the elastic stress. 
 
The formation of transverse cracks was observed during the relaxation tests of this 
work. These cracks run parallel to the fibres, in a plane perpendicular to the stress 
direction and are recognised to affect, amongst others, the elasticity modulus 
perpendicular to the fibres [6,7]. The presence of the transverse matrix cracking 
mechanism enhances the relaxation mechanisms. The formation of transverse cracks 
due to the thermal residual stresses is discussed, using a fibre-matrix finite element 
model. 
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2.2. Thermo-mechanical properties 

2.2.1. Constituents 

The linear elastic thermo-mechanical properties of carbon fibre (subscript f) and the 
polyetherimide matrix (subscript m) are given in table 2.1. Carbon fibres (here a 
Torayca T300) are mostly considered transversally isotropic. The indices 1, 2 and 3 
used in table 2.1 relate to the longitudinal and both transversal directions respectively. 
The longitudinal fibre properties are provided by the manufacturer, whereas the 
transverse properties were found in the literature [8,9]. The polyetherimide matrix 
(Ultem 1000 from GE plastics) is an amorphous thermoplastic with a glass transition 
temperature, Tg, of 215°C.  
 
 

carbon Ef1 
(GPa) 

Ef2 
(GPa) 

Gf12 
(GPa) 

Gf23 
(GPa) 

νf12 
 

νf23 
 

αf1 
(/oC) 

αf2 
(/oC) 

ρf 
(kg/m3) 

 230 14 9 4 0.2 0.25 -0.7x10-6 5.6x10-6 1760 

PEI Em 
(GPa) 

 Gm 
(GPa)  νm  αm 

(/oC) 
 ρm 

(kg/m3) 

 3  1.1  0.35  57 x 10-6  1270 

table 2.1: Linear elastic thermomechanical properties of the fibre and matrix material 

 
The viscoelastic character of the matrix is derived from the manufacturer’s creep 
modulus data [10]. This is shown in figure 2.1 as a creep-modulus-stress diagram in an 
isochronous form.  

The relaxation modulus relax
mE  is obtained by noticing that the creep modulus data can 

be described as a power law of the form n
0

creep
m tEE −=  with E0 between 2.7 and 

3.2GPa depending on the stress level and n between 0.03 and 0.04. It was shown by 
Williams [11] using a Laplace transform that the relaxation modulus can be derived 
from the creep modulus when n is lower than 0.1 with a relation of the form: 
 

creep
m

relax
m E

n

n
E

π
πsin=  (2.1) 

 
The difference between the creep and the relaxation moduli is less than 1% and the 
creep data presented in figure 2.1 will therefore be used for describing the relaxation 

behaviour of the matrix, and the notation relax
mE  will be used instead of creep

mE . The 
data is fitted for each time step with a second order polynomial for use in the 
relaxation model.  
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figure 2.1: polyetherimide ULTEM 1000 isochronous creep modulus-stress diagram (GE plastics) 

 

2.2.2: The prepreg and resulting composite layer 

Ten Cate Advanced Composites produced the unidirectional prepreg material and the 
batch used for this study had a 43 % matrix mass fraction. Before pressing, the prepreg 
was dried in a vacuum oven at 80°C for at least 12 hours. The 250 mm x 250 mm 
laminates made from the prepreg were consolidated by compression moulding in a 
closed form mould at 325°C, at a 0.7 MPa pressure for 20 minutes. A glass-roving 
reinforced Teflon layer was used as a liner to facilitate demoulding. Cooling to room 
temperature was performed at the same pressure over a period of 40 minutes. The 
plates were subsequently inspected by C-scan. The matrix content of the resulting 
carbon-PEI laminates was measured using a Soxhlet system with chloroform as the 
matrix solvent. An average of 41.4 % matrix mass fraction (relative standard deviation 
3.3 %) was obtained, based on coupons extracted from 6 different plates. The average 
ply thickness was 0.162 mm (relative standard deviation 2.9 %). The thermo-
mechanical properties of the resulting composite layer at room temperature are given 
in table 2.2. These values were determined earlier by Eijpe [3] who used the same 
material.  
 
 

carbon-PEI E1 (GPa) E2 (GPa) G12 (GPa) ν12 ν23 α1 (/
oC) α2 (/

oC) 
 120 7.8 3.5 0.32 0.45 1x10-6 32x10-6 

table 2.2: Thermo-mechanical properties of a carbon-polyetherimide layer 
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2.3. Evaluation of the thermal residual stress relaxation 

2.3.1. The thermal residual stresses at the macroscopic level 

The thermal residual stresses are quantified using the 2D plane stress classical 
lamination theory (CLT), where every layer is considered as an orthotropic entity. This 
theory concentrates on laminated composites made of continuous fibre reinforced 
polymeric matrix layers. For clarity, the two different coordinate systems (CS) used in 
a layer are depicted in figure 2.2. The local layer CS (1,2,3) corresponds to the layer 
main directions, where the 1-axis and 2-axis are in-plane and relate respectively to the 
fibre longitudinal direction and to the fibre transverse direction. The in-plane 
directions of the local layer CS (1,2,3) are oriented at an angle θ from the global layer 
CS (1*,2*,3).  
 

θ 1*

1

2* 23

1*,2*,3: Global layer CS
1,2,3: Local layer CS (at θ)

 
figure 2.2: Layer coordinate system definition 

 
As in most composites, the fibre and matrix considered have different thermo-
mechanical properties, as shown for the case of carbon-polyetherimide in table 2.1. As 
a result, thermal stresses will build up during processing when the laminate cools down 
from the solidification temperature of the matrix (the glass transition temperature Tg in 
the case of an amorphous matrix [12,3] like polyetherimide) to room temperature. On a 
fibre-matrix scale (micro-scale), the contraction of the matrix (αm=57 x 10-6 /°C) is 
constrained by the presence of the fibre (αf2=5.6 x 10-6 /°C). This results in residual 
stresses on the micro-scale. This is illustrated in figure 2.3 where the matrix stresses 
around the interface of a fibre in square packing due to a –192°C temperature 
difference (from Tg to room temperature) are given. Details of the finite element model 
used for this purpose will be given in section 2.5. Since thermoplastic based 
composites mostly have a poor fibre-matrix chemical interaction, it is the contraction 
of the matrix on the fibre which provides much of the fibre-matrix adhesion in a 
mechanical manner [1]. 
 
The thermo-mechanical properties of a unidirectional layer, when considered as an 
entity (macroscale), can be considered transversally isotropic, as can be found in    
table 2.2 for the carbon-polyetherimide considered. In the fibre longitudinal direction         
(1-axis) these properties are fibre controlled with 120 GPa and 1 x 10-6 /°C for the 
Young’s modulus and the coefficient of thermal expansion respectively. Transverse to 
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the fibres (2-axis), these properties are matrix controlled, with modulus and coefficient 
of thermal expansion 8 GPa and 32 x 10-6 /°C respectively.  
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figure 2.3:  Matrix stresses in carbon-polyetherimide at the interface of a fibre in a square packing due 

to a (-192°C) temperature difference (ref.: section 2.5) 

 
This means in turn that a multidirectional composite will not only contain stresses on a 
microscale, but also on a ply-to-ply basis. This is illustrated in figure 2.4-a for a [90/0]s 
laminate (cross-ply where the notation for each layer stands for the orientation of the 
fibres to the laminate coordinate system). The starting situation at the stress free 
temperature (Tg) where both types of layer have the same length is shown in the top 
part of the figure in dotted lines, as well as the situation due to unrestricted contraction 
to room temperature. In the lower half of the figure, the resulting situation when the 
layers remain joined and cooled to room temperature is shown. The displacements 

)(
*,

i
1Tu∆  correspond to the longitudinal thermal strains due to the free contraction of a 

ply in the global layer CS (1*,2*,3), and )(
*,

i
1ru  correspond to the mechanical or residual 

thermal strains necessary to compensate for the free contraction of the different plies, 

which induce the thermal stresses )(
*,

i
1rσ . The superscript (i) relates to the layer 

considered (0° or 90°). It is worth noting that the expression for the 1D thermal 
residual strain and resulting residual stress in the 90o layer can be derived as [13]: 
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*,

)(
*,

)(
*,  (2.2) 

 

where Ei and αi are the Young’s moduli and the coefficients of thermal expansion of 
the layer in the fibre direction (i = 1) and transverse to the fibre direction (i = 2), γ  the 
dimensionless thickness coefficient, t0 and t90 half the total 0° and 90° layer 
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thicknesses respectively and ∆T the temperature difference between Tg and room 
temperature (∆T =TR-Tg). Nairn [12] confirmed this simple approach by experiment 
using photoelasticity and non-symmetric laminate curvature measurements on carbon-
polysulfone.  
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figure 2.4:  1D representation of the macroscopic residual strains in a cross-ply laminate: 

(a): Initial situation at Tg (dotted lines) and situation due to unrestricted contraction 
at room temperature (hard line); Situation at room temperature (thick lines) 
(b): Resulting stress profile 

 

As far as the 2D (plane stress) solution according to the Classical Laminate Theory 
(CLT) [14] is concerned, a similar reasoning for the strain build-up as for the 1D 
model (figure 2.4) remains which takes into account the Poisson’s effects. The 
expressions for the residual strains in the 90° layer of a cross-ply [0/90]s laminate are 
respectively: 
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where h is the total laminate thickness. The factor ψ is around 1.01 for unidirectional 
layers and is taken equal to 1 for simplicity. The thermal residual stress in the 90o layer 
in the main direction of a [0/90]s laminate can be derived as: 
 

CLT90
2r

90
12

CLT90
1r

90
11

CLT90
1r QQ −−− += )(

*,
)(

*,
)(

*, εεσ  (2.4) 

 
The results obtained with this model were confirmed by Eijpe’s detailed measurements 
of residual stress profiles on carbon-polyetherimide shortly after manufacture using a 
modified layer removal approach [3,15]. As an indication, table 2.3 gives a comparison 
between the 1D and 2D approaches for a carbon-polyetherimide cross-ply [90/0]s 
laminate having the layer properties as shown in table 2.2. Taking the second in-plane 
dimension into account gives a 5 % difference in stress, although the difference in 
strain is negligible. 
 
 

Solution: )(
*,

90
1rε  )(

*,
90
1rσ  

1D (2.2) 0.56 43.8 
2D (2.4) 0.55 41.9 

table 2.3: Comparison between the 1D and 2D solutions for 
both the residual strain and stress in the 90° layer, 
shortly after manufacture. 

 

2.3.2. Micromechanics models 

The stiffness properties of a layer in the fibre direction are controlled by the fibre 
properties, as shown by the rule of mixture in parallel form (also called Voigt’s model) 
used for the elasticity modulus E1: 

 

)( fmf1f1 V1EVEE −+=  (2.5) 

 
where Vf is the fibre volume fraction. As an indication, a 10 % decrease in matrix 
modulus only produces a 0.1 % decrease in the layer longitudinal modulus because 
Ef1>>Em . It means that the viscoelasticity of the matrix will have no direct effect on 
the behaviour of the 0o layer. Transverse to the fibre direction, the properties are 
mainly controlled by the properties of the matrix. This is where the residual stress 
relaxation will find its origin. Amongst different relations available (Reuss, Halpin-
Tsai) for predicting the transverse elasticity modulus E2, a series-parallel model was 
used here leading to the following expression [8,16]: 
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As an indication, a 10 % decrease in the matrix elasticity modulus gives a 7.2 % 
decrease in the layer transverse modulus. It is worth mentioning that using the linear 
elastic properties as defined in table 2.1 in equation (2.6) gives an E2 of 7.7 GPa, 
which compares well with the 7.85 GPa determined experimentally for the 
unidirectional material. It should be noted that the theoretical value of E2 depends on 
the transverse fibre modulus Ef2, whose value is difficult to determine experimentally. 
The value used here (Ef2=14 GPa) was taken from the literature [8,17] and was 
originally determined by comparison between elasticity modulus measurement on 90° 
unidirectional laminate and micro-mechanical models. 
 

2.3.3. Evaluation of the stress relaxation 

The procedure for evaluating the stress relaxation due to the matrix viscoelasticity is 
based on the calculation of the thermal residual stress with equations (2.3) and (2.4), 
using the series-parallel model for the transverse modulus E2 (2.6). In the series-
parallel model, the matrix linear elastic modulus mE  is replaced by the relaxation 

modulus )(σrelax
mE  as shown in figure 2.1. The procedure is time iterative, and starts 

with the 43.8 MPa residual stress as calculated with the linear elastic properties of  
table 2.1. This assumes, therefore, that the matrix stress is taken as the layer transverse 
stress )(

*
90

1σ . This stress value is input in the second order fit after 1 hour as shown in 
figure 2.1 to obtain the matrix creep modulus after 1 hour (and therefore the relaxation 
modulus). The resulting relaxation modulus of the layer is then calculated with the 
micromechanics relation (2.6), which is then used for calculating the residual stress 
after 1 hour. This loop, as summarised in figure 2.5, is iterated for the available time 
steps (1, 10, 100, 1000, 10000 hours).  
 
It is important to note at this stage that the relaxation does not actually start at room 
temperature, but during fabrication from the moment the matrix state changes from 
rubbery to plastic condition at Tg. Still, the initial value at room temperature is used as 
it corresponds to measurements performed on the same material by Eijpe [3]. The 
resulting calculated residual stress in the 90° layer as a function of time (logarithmic 
scale) is shown in figure 2.6. A detail of the 100 first hours is also shown on this graph 
in order to emphasise the rapid relaxation in this first period of time. 
 
As an indication, the model just described predicts a 13 % decrease in residual stress 
after 240 hours. 
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figure 2.5: Procedure for the evaluation of the thermal stress relaxation. 
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figure 2.6: Modelled relaxation of the residual stress in a carbon-PEI cross-ply laminate 
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2.4. Experimental evaluation of the relaxation 

2.4.1. Measurement of the relaxation 

The experimental quantification of the thermal residual stress relaxation was 
performed by using a particularity of unsymmetric laminates. Although pressed in a 
flat mould, a [90/0] laminate will show a synclastic (cylindrical) or an anticlastic 
(saddle) shape depending on the thickness to the plate length ratio [18]. One of such a 
cylindrical shape is shown in the top section of figure 2.7-a. When the laminate is 
pressed back to a flat shape (by using the laminating press at room temperature), a 
strain profile as shown in figure 2.7-b is obtained. The resulting stress levels reached in 
the flattened laminate (see same figure) are similar to those obtained in a symmetric 
[0/90]s laminate as was shown in figure 2.4-b. It may therefore be assumed that the 
thermal stress relaxation in the flattened unsymmetric laminate will occur in much the 
same way as it occurs in its symmetric counterpart. 
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figure 2.7:  Strain and stress profile of a non-symmetric [0/90] laminate: (a): in its original free-

curved form; (b): when flattened. 

 
The relaxed modulus of the 90° layer can be determined at any time, by releasing the 
flattened plate and measuring the remaining plate curvature κ. The relaxed modulus 
can then be calculated from the curvature κ using the following equation (2.7), by 
assuming the linear elasticity of the 0° layer. This equation can be obtained by using 
the basic assumptions of the classical lamination theory as shown in appendix A.  
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In this relation, h is the total laminate thickness and κ(t) the curvature of the laminate 

at any time t. Following the determination of )(tE relax
2 , the 2D CLT model      

(equation (2.4)) can be used to determine the residual stresses in the transverse 
direction. 
 
Summarising, the evaluation of the relaxation of the thermal residual stress requires 
the flattening of an unsymmetric laminate in order to obtain a strain profile equivalent 
to that of the symmetric laminate. The experimental evaluation of the residual stress 
relaxation is then performed through the measurement of the curvature of the released 
plate, which is related to the relaxation modulus of the 90° layer and hence to the level 
of internal stresses. It should be noted that releasing the laminate from its flat state 
induces a strain reduction from 0.54 % to an average of 0.31 % as can be seen in    
figure 2.7. This could be taken into account using the Boltzmann superposition 
principle [11]. The relatively short plate release time necessary for each curvature 
measurement (around 10 minutes) led to the assumption that this effect can be 
neglected. The strain profiles shown in figure 2.7 also make clear that the creep 
modulus evaluation through the curvature measurement does not imply any extra 
loading. 
 
Three 250 mm x 250 mm [904/04] laminates where tested. Their average thicknesses 
were 1.34, 1.35 and 1.31 mm. The in-plane dimensions of the plates were selected so 
as to obtain a cylindrical shape (in contrast to an anticlastic shape) at room 
temperature, in order to facilitate the curvature measurement. The choice of plate 
length is fairly critical, since calculations for a square [904/04] laminate using the 
carbon-polyetherimide material properties of table 2.1 (following a method proposed 
by Hyer [18]) indicate a transition from synclastic to anticlastic curvature at a plate 
length of 150 mm. The measurement of the curvature was performed on an X-Y table 
coupled to an optical non-contacting displacement measuring system. This was 
performed every hour for the initial 5 to 10 hours and then irregularly until a maximum 
of 700 hours. During these measurements, it was observed that transverse cracking 
occurred (matrix cracking parallel to the fibres, mostly forming on a plane 
perpendicular to the loading direction). This cracking mechanism was observed to be 
time dependent and gave a non-homogeneous crack distribution. Some cracks covered 
the whole length of the plate at the end of the test, others did not grow further than 1 or 
2 cm. The crack growth and density were not evaluated at this stage. 
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2.4.2. Results 

Analysing the experimental results gives the relaxed transverse residual stress-time 
diagram shown in figure 2.8. The theoretically predicted residual stress relaxation 
characteristic for the carbon/PEI system (shown earlier in figure 2.6) is reproduced for 
the first 1000 hours in this figure. 
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figure 2.8: Thermal residual stress derived from relaxation measurements. 

 
The thermal residual stress derived from the curvature of each of the tested laminates 
can be approximated by a power law as shown in figure 2.8. Compared to the results of 
the model, two observations can be made. First the residual stress at 1hour is on 
average 12 % higher than the modelled stress. This corresponds to a 6 % increase in 
curvature. Similar differences were obtained and commented on during measurements 
on glass-polyetherimide [19], but is not the most significant factor to report on.  
 
More significantly, the power coefficient of the power law fit shows that the measured 
plates relax more rapidly than the model predicts. An average of -0.05 for the power 
coefficient, b, of the three plates is 60 % lower than for the model. As an indication, 
the average measured decrease in thermal residual stress reaches 24 % after 240 hours. 
Although there is considerable variation between the measured laminates (-21.4 %,       
-25.8 %, -26.2 % for the plate 1, 2 and 3 respectively), this decrease is in absolute 
value clearly higher than the one predicted by the model (-13 %). Relating this 
difference to the observed time dependent transverse cracking formation is 
straightforward. It has been recognised in the past three decades that the presence of 
transverse cracking affects the continuity of the 90° layer and therefore its thermo-
mechanical properties [20,6,7]. This means that the transverse modulus decrease 
calculated from the curvature of the non-symmetric laminate is not only due to the 
viscoelastic nature of the matrix and thus the 90° layer, but also to the decrease in 
transverse elasticity modulus due to the presence of cracks. It is tempting to refer to a 
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‘transverse cracking induced relaxation’ but care is needed when using this 
appellation. Where the viscoelasticity induced stress relaxation is recoverable, the 
decrease of the transverse elasticity modulus due to the transverse cracks is not. This 
can be checked experimentally by heating the plates after relaxation in their original 
mould at low pressure just above Tg. This allows the viscoelastic relaxation to be 
recovered, but is assumed not to permit enough matrix flow for the cracks to close.  
 
The results of the curvature measured on the three plates after fabrication, after        
700 hours relaxation and after recovery are compared in table 2.4. 
 
 

Curvature κ 
(1/m) 

½ hour after 
fabrication  

after 700 hours 
relaxation 

½ hour after 
recovery 

Plate 1 4.14 - 3.86 
Plate 2 4.00 3.31 3.66 
Plate 3 4.11 3.36 3.99 

table 2.4: [0/90] curvature after fabrication, 700 hours relaxation and after recovery. 

 
The results show that only part of the measured stress relaxation is recovered. 
Assuming the viscoelastic recovery has fully taken place, the difference in curvature 
and therefore the irreversible decrease in transverse elasticity modulus can be assigned 
to the transverse cracks. From these results, it is possible to evaluate the decrease in 
transverse elasticity modulus E2 resulting from the time dependent growth of 
transverse cracks after 700 hours, by input of the curvatures after fabrication and after 
recovery into relation (2.7). For this purpose, the longitudinal modulus E1 is assumed 
not to be affected by the transverse cracking. Although a transverse crack deteriorates 
the integrity of a layer loaded transversally, the fact that the crack runs along the fibres 
makes its influence less critical when the layer is loaded along the fibres. The 
estimated decrease in transverse elasticity modulus due to the crack formation for the 
three plates is respectively –14 %, -15 % and –6 %. Although the variation on this 
result is large and the sample contains only 3 specimens, it shows that the decrease of 
the transverse modulus due to the presence of transverse cracking is not negligible. It 
is difficult to quantify this mechanism precisely, since it was observed during the 
relaxation experiments that the process is time dependent.  

2.5. On the formation of the transverse cracks 
The results just presented suggest that transverse cracks in cross-ply carbon-
polyetherimide laminated plates form under only the presence of thermal residual 
stresses. The origin of these cracks in this particular case is studied in this section.  
 
Transverse cracks, also called matrix cracking, run parallel to the fibres through the 
thickness layer. Abedian and Szyszkowski [21] suggested on the basis of a 3D fibre-
matrix model that, at the free ends of the fibres (therefore at the edges of a laminate), 
tensile radial stresses at the fibre/matrix interface may be a major factor for crack 
initiation in carbon-epoxy laminates. In the inner zone of a laminate, (i.e. far enough 
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from the edges) the same authors suggested that tensile hoop stresses at the fibre-
matrix interface might cause cracking when cooled. These results confirmed 
experimental observation made by Morris et al. [22], who found fibre-matrix interface 
cracking at the edges of carbon-epoxy unidirectional laminates when cooling from the 
processing temperature.  
 
Although the interface in epoxy based composites is fairly well defined and controlled, 
the adhesion of the fibre in a thermoplastic matrix is the result of physical interaction, 
due to the shrinkage of the matrix onto the fibres, rather than the result of a chemical 
interaction [23]. A transverse crack then follows a path along these weak interfaces. A 
typical micrograph (figure 2.9) of the 90° layer of a [9012] carbon-polyetherimide 
laminated beam after bending testing shows such a transverse crack. The crack can be 
seen passing through the matrix-fibre interface from fibre to adjacent fibre. The crack 
is not observed passing through the matrix (or through a fibre), except to jump across a 
resin-rich region separating fibres and the path of the crack. 
 
The fact that transverse cracking in the carbon-polyetherimide system is more an 
interface cracking issue than a matrix cracking mechanism is confirmed with a 
Scanning Electron Microscopy (SEM) study of the fracture surface. A typical SEM 
image of a transverse crack failure surface of a carbon-polyetherimide [904/04] cross-
ply laminated beam (figure 2.10) shows some clean fibres (without matrix residues 
adhering) suggesting a poor fibre-matrix adhesion, with only scarce matrix surfaces 
with traces of plastic deformation. 
 

 
figure 2.9: Transverse crack in a carbon-polyetherimide unidirectional 

laminate after a bending test 

 
Although some crack growth initiated at the plate edges, the majority of the transverse 
crack growth during the relaxation measurements initiated well within the plate 
boundaries, well away form the edges. For the case of the non-edge crack initiation, a 
micro-mechanical model aimed at evaluating the stress situation at the fibre-matrix 
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interface can be considered as a 2D plane-strain model, in a plane perpendicular to the 
fibre main axis [21]. 
 

 
figure 2.10: SEM of a carbon-polyetherimide transverse crack surface. 

 

2.5.1. Model description 

A FEM program ANSYS was used to get an overview of the stresses around a fibre in 
a strain field representing the thermal residual stresses in a 90° layer of a [904/04]s 
laminate. The fibre distribution within a layer was assumed to correspond to a square 
pattern, which reduced the geometry modelled to a quarter of a fibre with adjacent 
matrix as shown in figure 2.11. The model used was a 2D plane strain in a plane 
perpendicular to the main axis of the fibre. The square sides have unit dimension, and 
the fibre radius is calculated in order to reflect the fibre volume fraction as shown by 
equation (2.8). 
 

π
fv4

r =  (2.8) 

 
The mesh used 4-noded plane elements. A typical distribution of the elements is shown 
in figure 2.11. It is recognised that, for a more detailed prediction, the fibre-matrix 
interface needs to be taken into account in fibre-matrix models [24,25,26]. No 
quantitative data on the carbon-polyetherimide adhesion could be found in the 
literature. The observations made on the SEM picture in figure 2.10 led to two extreme 
sets of fibre-matrix interface boundary conditions: 
 

BC1. The nodes at the fibre-matrix interface are directly connected, assuming a 
perfect fibre-matrix interface. 
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BC2. The nodes at the fibre-matrix interface are connected through contact 
elements (high stiffness under compression, no stiffness under tension), 
assuming no chemical bonding between the fibre and the matrix 
adhesion. However, an arbitrary friction coefficient of 0.8 was assumed. 

 

x

10

1

z

r

r  
figure 2.11: Finite element geometry of 

square fibre packing 
repeating unit. 

 
The material properties used are the linear elastic values defined in table 2.1. 
Stress relaxation is not considered here and the model described represents the 
situation immediately after fabrication.  
 
The thermally induced loads on the model were applied in two steps. The first step 
(LS1) is a thermal strain over the whole model in order to model the free contraction of 
the 90° layer, due to the difference in temperature during fabrication, as shown in the 
upper part of top of figure 2.4-a. The second step (LS2) models the constraining effect 
of the 0° layer in a cross-ply laminate as shown in the lower part of figure 2.4-a. In 
detail: 
 

LS1. A temperature difference ∆T (-192°C), which models the free contraction 
of a unidirectional [90] laminate after fabrication is applied.  

LS2. The same temperature difference, with a )(
*,

90
1ru  displacement in the x-

direction at x=1, as calculated with the classical laminate theory, which 
models the situation of the [904/04]s laminate after fabrication. 

 

2.5.2. Results 

The stress situation after the first load step, LS1, (situation in the unidirectional [90] 
laminate) is equal for both sets of boundary conditions describing the fibre-matrix 
interface. This is due to the compressive radial stress acting on the fibre as shown in 
figure 2.3 in section 2.3.1 of this paper. The resulting tensile tangential (or hoop) stress 
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is fairly constant around the interface at 15MPa. The von Mises stress profile with the 
perfect fibre-matrix adhesion is shown in figure 2.12 and makes it possible to analyse 
the stress situation in the matrix. A maximum of 64 MPa can be found in the matrix at 
an angle θ of 0° and 90°. Considering that the yield stress of the matrix at room 
temperature is around 110MPa [10], no damage is expected to be induced by the 
temperature difference on any unidirectional laminate transverse to the fibre direction. 
 

 
figure 2.12: von Mises stress contour plot with perfect adhesion 

(BC1) and temperature gradient (LS1). 

 
When applying a positive displacement in the x-direction upon the last load step to 
simulate the strain field induced in a cross-ply laminate (Load step LS2), two extreme 
situations are created when using the two sets of boundary conditions.  
 
The model can be evaluated by calculating the model transverse elasticity modulus 

femE2 , by dividing the modelled average axial stress at x = 1 (see figure 2.11) by the 

strain imposed on the model. The results for both types of interface are: 
 

Perfect interface (BC1):  femE2 =7 GPa 

No adhesion (BC2):  femE2 =2 GPa 

 

Assuming perfect adhesion at the interface (Boundary condition BC1), a value of fem
2E  

of 7 GPa is found, which is lower than the value determined experimentally (7.85 
GPa). This can be explained by the sensitivity of the modelled values to the transverse 
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fibre modulus used, which is always quoted in the literature as an approximation. 
Upgrading, for example, the transverse fibre modulus from 14 GPa [8] to 20 GPa [26] 
is enough to obtain an 8 GPa composite transversal modulus with the perfect interface. 
The model is therefore considered acceptable as a first approach. It is worth noting that 
the coefficient of friction has no influence on the result.  
 
At the other extreme, the model having no interface (BC2) provides a transverse 
modulus of 2 GPa. The cylindrical stresses in the matrix at the fibre-matrix interface in 
the 90° layer of a cross-ply laminate with the assumed perfect interface (BC1) and 
following LS2 are shown in figure 2.13. 
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figure 2.13:  Matrix stresses at the fibre-matrix interface of a 90° layer in a carbon-polyetherimide 

cross-ply laminate, assuming a perfect interface. 

 
The von Mises stress contours are shown in figure 2.14 for BC1 and figure 2.15 for 
BC2. In both cases, the maximum von Mises stress is reached in the matrix at an angle 
of 90° from the x-axis.  
 
In the case of the perfect interface (figure 2.14) the maximum von Mises stress of 
88MPa is still lower than the matrix yield stress (110 MPa). In the case when no 
interface adhesion is assumed (figure 2.15), the von Mises stress is maximum at the 
interface (124 MPa) and is clearly higher than the matrix yield stress. This suggests the 
formation of plastic zones in the matrix near weak interfaces at an angle of 90° from 
the x-axis. A study by Woods and de Lorenzi [27] showed that crazing in pure 
polyetherimide always started on an elastic-plastic interface. It seems fair to assume 
that the inherent presence of defects in a composite, combined with the formation of 
local plastic zones could lead to the formation of crazes. 
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figure 2.14: von Mises stress contour plot with perfect adhesion (BC1) and 

the cross-ply induced stress field (LS2).  

 

 
figure 2.15: von Mises stress contour plot with no adhesion (BC2) and the 

cross-ply induced stress field (LS2). 
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The load necessary to let the crazes grow and finally form a crack by the fracture of 
the fibrils is most probably induced by the relaxation test procedure. As pointed out 
earlier in this paper, releasing the plate in order to measure the plate curvature does not 
add any extra loading. However, the flattening-releasing procedure induces what can 
be compared to a low-frequency cyclic loading, switching between the two stress 
situations sketched in figure 2.7-a and b. This sort of fatigue loading could be 
responsible for the craze growth, which eventually grows into a transverse crack, as 
noticed during the relaxation experiments. Following this argument, zones of better 
fibre-matrix adhesion can act as a crack arrest zone, since the von Mises stress is lower 
than the yield stress in this case. Moreover, it is possible that this mechanism will 
predominate in zones of high fibre concentration. The model presented is based on a 
measured averaged fibre-volume fraction Vf of 50 %. It is clear that the fibre 
concentration will vary within the laminate (see for example figure 2.9). The model 
was therefore reconsidered with different values of fibre volume fraction. The 
maximum level of von Mises stress is not strongly dependent on the fibre volume 
fraction as shown in table 2.5. It varies from 114 MPa to 126 MPa for the fibre volume 
fraction varying from 0.32 to 0.68.  
 
 

Fibre volume fraction Vf 0.32 0.51 0.68 

Max von Mises stress (MPa) 114 124 126 

table 2.5: Maximum von Mises stress in the matrix as a function of the fibre volume fraction. 

 
If a plastic zone is defined as the zone where the von Mises stress exceeds 110 MPa, 
figure 2.16 shows, in grey, the plastic zone for the fibre volume fraction varying from 
0.32 to 0.68. The model predicts the largest plastic zone for the model having the 
highest fibre volume fraction (figure 2.16-a). In this case, the plastic zone even 
connects the volume between two adjacent fibres. The formation of crazes should 
therefore be predominant in such regions of close fibre concentration. 
 

(a) (b) (c)  
figure 2.16:  Zone where the von Mises stress is greater than the yield stress of polyetherimide 

(110MPa) for different fibre volume fractions: (a): Vf=0.68; (b): Vf=0.51, (c): Vf=0.32 
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2.6. Conclusion 
This paper has considered the quantification of the thermal residual stress relaxation in 
[0/90]s cross-ply laminates. Numerical and experimental validation was performed on 
carbon-polyetherimide laminated plates.  
 
It has become obvious that the measurement of the relaxation modulus was not 
restricted to the quantification of viscoelastic effects. Secondary effects occurred in the 
form of time dependent transverse cracking (also called matrix cracking), which is 
known to significantly deteriorate the structural integrity of composites. For the system 
considered, the contribution of both viscoelastic and damage mechanisms on the 
relaxation were of the same order of magnitude, leading to a 24 % decrease in residual 
stress after 240 hour. The damage mechanism cannot strictly be named relaxation, as 
the process of crack formation is not reversible as is the viscoelasticity-related 
relaxation. This implies that the relaxation affects the residual stress but not the actual 
thermo-mechanical properties of the layer. The matrix damage, however, does affect 
the macroscopic elasticity modulus of the layer in the direction transverse to the fibres 
and therefore influences the stress situation in a structure.  
 
The transverse cracking observed was also supported by a 2D fibre-matrix model. This 
finite element model considered the stress situation in the matrix near the fibre-matrix 
interface with the thermal internal stresses as the only loading. It is shown that crazing 
can occur near poor fibre-matrix interfaces, especially in zones of high fibre 
concentration. 
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Chapter 3 

 

The effect of residual stress on transverse cracking in cross-
ply carbon-polyetherimide laminates under bending:  
Variation of the laminate lay-up 
 
 

3.1. Introduction 
Thermal residual stresses are inherent to fibre reinforced composites due to the 
heterogeneity of the thermo-mechanical properties of their two constituents. Such 
stresses build up when composite structures are cooled down from the processing 
temperature to the test temperature. Residual stresses will be present on both a fibre-
matrix scale (micro-scale), and on a ply-to-ply scale (macro-scale) in laminates built 
up from layers with different orientations. It is recognised that these stresses should be 
taken into account in any stress analysis.  
 
Some authors have reported on the occurrence of matrix related damage in composite 
laminates due to the presence of thermal residual stresses. Morris, Inman and Cox [1] 
observed fibre-matrix interface cracking in carbon-epoxy composites due to the 
cooling from the processing temperature. Nairn and Zoller [2] noticed some matrix 
cracking occurring in the last stage of the cooling down of carbon-PET non-symmetric 
laminates, when studying the development of thermal residual stresses. Similarly, 
Warnet, Reed, and Akkerman [3 (chapter 2 of this thesis)] observed the formation of 
matrix cracking during the experimental evaluation of the relaxation of thermal 
residual stresses in non-symmetric carbon-polyetherimide laminates.  
 
It is helpful to distinguish between micro-damage and matrix cracking. Micro-damage 
occurs locally on a fibre-matrix scale (for example the interface cracking observed in 
[1]) and can form the initiation of a matrix crack. A matrix crack (also called 
transverse crack) runs parallel to the fibre in the thickness direction of a layer. It is 
known that matrix cracking will affect the properties of composites [4,5,6] and acts as 
a trigger for further damage mechanisms [7,8], because it forms an open path for 
environmental deterioration and delamination development.  
 
This paper studies the effects of residual stresses on the matrix cracking of cross-ply 
[90/0]s laminated beams under 3 point bend loading. Experiments were performed on 
carbon-polyetherimide laminates having different levels of thermal stresses. Different 
levels of thermal stresses were obtained by producing the laminates of different lay-
ups and by alternatively using carbon-polyetherimide or glass-polyetherimide plies for 
the central 0° layer. A carbon-polyetherimide system was chosen for its capacity of 
producing high levels of thermal stresses, mainly arising from the large difference 
between the temperature at which the stresses build up (215°C) and the test 
temperature (23°C). The number of outer carbon-polyetherimide 90° layers in the 
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beams was kept constant for all the lay-ups used, in order to prevent geometrical 
factors affecting the results. It was shown by Parvisy, Garrett and Bailey [9] that the 
stress at which transverse cracking occurs in tensile testing is inversely proportional to 
the thickness of the 90° layer. This effect is referred to as the constraining effect of the 
0° layer.  
 
The results of the experiments were first analysed from a macroscopic point of view, 
where the layers are considered transversally isotropic. For this purpose, both the 
bending compliance before the occurrence of the first transverse crack and the 
macroscopic stress at the initiation of the transverse crack are considered. Also the 
experimental energy released at the formation of the first transverse crack is 
calculated. The measured bending compliances of the cross-ply beams are compared to 
values predicted by analytical approximations. Anticipating the conclusions drawn 
from this analysis, the comparison between the analytical and the experimental 
compliance indicates the existence of a thermal stress level above which micro-
damage is induced. This proposition is supported by the analysis of a finite element 
micro-mechanics fibre-matrix model, loaded only with the residual stresses. The 
evaluation of the stress at failure as well as the energy released are used to evaluate the 
validity of, respectively, a maximum stress criterion and an energy approach as a 
failure criterion. 
 
First an overview is given of the properties of the carbon-polyetherimide composite 
used. The analysis used to evaluate the beam test is then developed, with the 
calculation of the theoretical compliance, the calculation of the stress at the occurrence 
of the first transverse crack and the energy released at the formation of the transverse 
crack. The experimental program and the results are then presented. The paper ends 
with a discussion on the use of a maximum stress criterion and an energy criterion for 
the prediction of failure.  

3.2. Properties of the laminated composite 
Two types of prepreg based on polyetherimide (PEI) were used. These were glass-PEI 
and carbon-PEI unidirectional, continuous prepreg materials produced by Ten Cate 
Advanced Composites bv. The amorphous matrix has a glass transition temperature of 
215°C. Before pressing, the prepreg was dried in a vacuum oven at 80°C for at least   
12 hours. The 250 mm x 250 mm laminates were consolidated by compression 
moulding in a closed form mould at 325°C, at a pressure of 0.7 MPa for 20 min. A 
glass-roving reinforced Teflon layer was used as a release film to facilitate 
demoulding. Cooling to room temperature was performed at the 0.7 MPa pressure over 
a period of 40 min. The plates were subsequently inspected by C-scan. The matrix 
content of the resulting carbon-PEI laminates was measured using a Soxhlet system 
with Chloroform as the matrix solvent. An average of 41.4 % mass matrix fraction 
(relative standard deviation 3.3%) was recorded, based on coupons (50 mm x 12 mm x 
2 mm) extracted from 6 different laminates. The average ply thickness was 0.162 mm 
(relative standard deviation 2.9 %). The thermo-mechanical properties of an individual 
carbon-polyetherimide layer are given in table 3.1.  
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carbon-PEI E1 (GPa) E2 (GPa) G12 (GPa) ν12 ν23 α1 (/
oC) α2 (/

oC) 

 117 8.2 3.5 [10] 0.32 0.45 1x10-6 32x10-6 

glass-PEI E1 (GPa) E2 (GPa) G12 (GPa) ν12 ν23 α1 (/
oC) α2 (/

oC) 

[11] 43.1 14.3 5.5 0.27 0.45 7.5x10-6 26x10-6 

table 3.1: Thermo-mechanical properties of a carbon-polyetherimide and glass-polyetherimide layer 

 
In this table the subscript 1 and 2 relate to the two in-plane principal directions,    
where 1 corresponds to the fibre longitudinal direction and 2 to the fibre transverse 
direction. The subscript 3 relates to the out-of plane laminate direction. This table also 
gives the properties of the glass-polyetherimide used in certain laminates as the central 
0° layer for varying the level of thermal residual stresses. The glass-polyetherimide 
prepreg was obtained from the same source as the carbon-polyetherimide prepreg and 
is produced in the same way.  
 
The two carbon-polyetherimide elasticity moduli (E1, E2) were measured on 12 layer 
unidirectional laminated beams (50 mm x 12 mm x 2 mm), using a bending set-up as 
described in section 3.4. Both values are averaged from 8 specimens with a relative 
standard deviation of 1 and 2 % for E1 and E2 respectively. These values agree with 
values published earlier by Eijpe [10]. The shear modulus G12 was found in the 
literature [10], as well as the Poisson’s ratios and the coefficients of thermal 
expansion. The properties of the Glass-Polyetherimide are taken from the literature as 
well [11]. 

3.3. Beam bend test analysis 

3.3.1. Compliance 

Two analytical solutions for the bending compliance, based on beam theory, are 
compared to a FEM solution for validation purposes. These solutions apply to the 
loading prior to the occurrence of the first transverse crack. 
The beam theory [12] provides an expression for the theoretical bending compliance 
cth (in m/N) of a simply supported cross-ply beam of span L: 
 

)( 90201

3

th IEIE48

L
c

+
=  (3.1) 

 
where I0 and I90 are the second moment of inertia of the 0° layer and the 90° layer 
respectively. E1 and E2 are respectively the elasticity modulus of a layer in the fibre 
direction (longitudinal) and perpendicular to the fibres (transverse). The expression for 
the compliance, cth, follows the Kirchhoff deformation hypothesis, which means that 
the effect of through thickness shear strain is ignored. In order to take the through 
thickness shear effect into account, the unit-load method used in Gere and 
Timoshenko’s standard work for isotropic beams was adapted for a composite beam. 
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In the case of an isotropic beam, the compliance, taking into account the through-
thickness shear, is:  
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L
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sth +=  (3.2) 

 
where G is the through-thickness shear modulus and A the cross-sectional area. In the 
case of a transversally isotropic unidirectional beam, it is assumed that the same 
relation can be used by replacing the Young’s modulus E and the shear modulus G by 
the corresponding composite values. In the case of a [906]s beam, these values are 
respectively E2 and G23 and for a [06]s beam E1 and G13. Since the material is assumed 
to behave in a transversally isotropic way, the through-thickness shear moduli reduce 
to: 
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where ν23 is the transverse out-of-plane Poisson’s ratio. In the case of a cross-ply 
beam, the unit-load method is used as shown in detail in appendix B. The analytical 
compliance, csth, taking shear deflection into consideration, is given by:  
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where h is the total laminate thickness, γ  a thickness related dimensionless coefficient 
defined as γ = t0/(t0+t90), t0 and t90 being the 0° layer and 90° layer thickness 
respectively.  
 
Values obtained with both analytical compliance relations (3.1) and (3.3) are compared 
for validation purposes to the results of a finite element model using a commercial 
system (ANSYS). A 2D model with plane strain, four noded quadrilateral PLANE 42 
elements was applied. The mesh on the half beam geometry is shown in figure 3.1. 
One element was used per prepreg layer. The thermo-mechanical properties of the 
carbon-polyetherimide and glass-polyetherimide materials used in the analyses are 
those given earlier in table 3.1. 
 
The results are given in table 3.2 as ratios between the analytical solution taking into 
account the through thickness shear or not (cth/csth), and between the analytical solution 
taking into account the through thickness shear and the finite element solution 
(csth/cfem). These ratios are calculated for all the laminate lay-ups considered throughout 
this study. The notation for the lay-up includes the number of plies and the type of 
fibre used (c for carbon and g for glass) for each layer orientation. Values calculated 
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with equation (3.3), which includes the effect of shear, agree with the FEM results 
within 1 %. Compared with the simplest analytical solution (cth), the through-thickness 
shear shows its effect with the thickest lay-up ([904c/04c]s) (+7 %). The analytical 
solution taking the shear deflection into account is therefore used throughout this 
paper. 
 

x

z

F

L/2

90o

0o

90o

h

 
figure 3.1: Mesh used for the calculation of the compliance cfem of the cross-ply beam. 

 
 
Lay-up: [906c]s [904c/01g]s [904c/03g]s [904c/01c]s [904c/04c]s 
cth/csth 0.985 0.991 0.979 0.988 0.925 
csth/cfem 1.007 1.004 1.012 1.005 1.001 

table 3.2: Comparison of compliance calculated with different theories. 

 

3.3.2. Thermal residual stresses 

3.3.2.1. Quantification of residual stresses after manufacture 

The build up of thermal stresses starts during fabrication of the laminate when it is 
cooled from the stress free temperature to room temperature. The stress free 
temperature in the case of an amorphous thermoplastic is taken as the glass transition 
temperature [13] ( gT of the Polyetherimide used is 215°C). On a fibre-matrix scale, the 

contraction of the matrix (αm = 57 x 10-6 /°C) is constrained by the presence of the 
fibre (αf = -1 x 10-6 /°C for the carbon in the fibre direction). This results in residual 
stresses on a fibre-matrix scale (microscale). The properties of a unidirectional layer 
can be considered transversally isotropic, as shown table 3.1 for the carbon-
polyetherimide considered. This means, in turn, that a multidirectional composite will 
not only contain stresses on a microscale, but also on a ply-to-ply (macroscopic) scale. 
 
The quantification of the residual stresses on the macroscopic scale is generally based 
on a simple 1D model [14] or the 2D in-plane classical lamination theory [15] (CLT). 
The limitation of the CLT is that each ply is assumed to be in a state of plane stress 
and that interlaminar stresses are neglected. This does not affect the quantification of 
the residual stresses in symmetric lay-ups. The expressions for the residual in-plane 
strains in the 90° layer of a cross-ply [0/90]s laminate according to the CLT are: 



40  Variation of the laminate lay-up 

 

T
AAA

NANA
T

AAA

NANA
12

122211

T
212

T
111CLT90

2r22
122211

T
212

T
122CLT90

1r ∆−
−

−=∆−
−

−= −− αεαε )(
*,

)(
*, ;  (3.4) 

 

( )

( )

212
90

21
0

21
90

12
0

122
0

22
90

111
90

22
0

11

0
j

0
ij

90
j

90
ij

T
i

0
ij

90
ijij

EQQQQEQQEQQ

21jiQ1QhTN

21jiQ1QhA

ψνψψ

γαγα

γγ

========

=+−∆=

=+−=

)()()()()()()()(

)()()()(

)()(

;;

,,;)(

,,;)(:with

  

900

0

1

2
1221

2112 tt

t

E

E

1

1

+
==

−
= γνν

νν
ψ ;;:and   

 

where ),(
*

900
ijQ  are the components of the reduced stiffness matrix of the 0o or the 90o 

layer in the laminate coordinate system (*). Aij are the components of the laminate 

stiffness matrix and T
iN  the thermal forces components due to the temperature change. 

The factor ψ is around 1.01 for unidirectional layers, which is taken equal to 1 for 
simplicity. The thermal residual stress in the 90o layer in the main direction of a [0/90]s 
laminate can be derived as: 
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The values of the macroscopic residual stress in the 90° layer for the different cross-
ply lay up used in this study are calculated with the CLT with the thermo-mechanical 
properties of table 3.1 and collected in table 3.3. 
 
 
Lay-up: [906c]s [904c/01g]s [904c/03g]s [904c/01c]s [904c/04c]s 

)(
*,

90
1rσ (MPa) 0 19.7 27.3 36.9 43.5 

table 3.3:  Macroscopic residual stress in the 90° layer after fabrication, according 
to the classical lamination theory. 

 
A range of residual stresses from 0 to 43.5 MPa is obtained depending on the particular 
lay-up chosen. 
 

3.3.2.2. Stress relaxation between manufacture and testing 

Between manufacturing and testing, relaxation of the residual stress will occur as a 
result of the viscoelastic properties of the matrix, which controls the behaviour of the 
90° layer. Measurements to determine the relaxation of the ply-to-ply residual stress of 
the carbon-polyetherimide lay-up, with the highest level of residual stresses of the 
laminates tested ([904c/04c]s), have been presented in a previous publication [3 (chapter 2 
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of this thesis)]. A micro-mechanical model was also proposed, based on the 
polyetherimide manufacturer’s creep data and the linear-elastic properties of the 
carbon fibre. The measurements showed that, for the type of laminate with the highest 
level of internal stresses ([904c/04c]s), a 24 % reduction in residual stress occurred after 
240 hours. The model predicted a 14 % decrease over the same period. The 
observation of progressive matrix cracking during the relaxation testing led to the 
conclusion that the relaxation could not be attributed solely to the viscoelasticity of the 
matrix. The presence of any matrix cracks or micro cracks decreases the stiffness of 
the 90° layer [4,5] and therefore contributes to the total decrease in residual stress. 
Although both these mechanisms contribute to the decrease in residual stresses, the 
viscoelasticity-induced relaxation is recoverable and has no influence on the actual 
stiffness of the 90� layer. It is proposed to use the micro-mechanical model [3 (chapter 
2 of this thesis)] to account for the viscoelasticity induced relaxation as a first 
approximation. For this purpose, a reduction factor, fv, is introduced that reflects the 

reduction of the residual stress level. The relaxed residual stress, )(
*,

90
1rrσ , in the 90° 

layer is then defined as, 
 

)(
*,

)(
*, )()( 90

1rv
90

1rr tft σσ =  (3.6) 

 

where the residual stress )(
*,

90
1rσ  is calculated with equation (3.5). The factor fv is 

dependent on both the time and the initial level of residual stress. Values of fv 
calculated for the different lay-ups used 240 hours after fabrication according to the 
procedure described in [3] are given in table 3.4. 
 
 

Lay-up: [906c]s [904c/01g]s [904c/03g]s [904c/01c]s [904c/04c]s 
Viscoelasticity induced 
correction factor vf  1 0.955 0.925 0.905 0.865 

table 3.4: Viscoelasticity induced correction factor vf , 240hours after fabrication. 

 

3.3.3. Bending stress 

A relation for the bending stress )90(
*1,bσ  in the 90° layer as a function of its coordinate 

in the thickness direction z is obtained from simple beam theory [12]: 
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where d is the longitudinal distance between the crack plane and the vertical axis 
through the loading nose as shown in figure 3.3. This distance is necessary to calculate 
the actual bending stress where the crack forms, since the bending moment is not 
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constant over the length of the beam. The bending stress has its maximum at the beam 
free surface, (i.e. for z = h/2 with h the total beam thickness) and this is the location 
where the transverse crack is supposed to initiate. 
 

3.3.4. Energy released at crack formation 

The energy released at the formation of the first transverse crack will be calculated 
from the experimental results. The values obtained will be used to evaluate the 
applicability of an energy failure criterion. The transverse crack in the 90° layer of a 
cross-ply [904c/0x]s beam studied here is assumed to grow in the thickness direction 
according to a mode I failure (opening mode according to the fracture mechanics 
theory [16]). The energy release rate associated with the formation of a crack is 
defined as [16]: 
 

dA

UWd
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)( −=  (3.8) 

 
where U is the strain energy, W the external energy and dA an increment in total crack 
area. In the present study, it was observed that the first transverse crack mostly 
occurred in an unstable way, with a sudden force drop and therefore constant 
displacement. In the case of constant displacement δ, equation (3.8) reduces to:  
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with dc/dA the rate of change of compliance with crack growth. It is possible to 
determine the experimental energy release rate Gexp in a cracked body by measuring 
the force F, the displacement δ and the crack length a (called length although growing 
in the thickness direction). Assuming linear elasticity, equation (3.9) becomes: 
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where B is the specimen width, c1 and c2 are respectively the compliance (δ/F) at a 
crack length a and the compliance at crack length a+da. It is worth noting that 
equation (3.10) is only applicable for small compliance changes. 
 
A limitation in using the fracture mechanics approach is that at least one crack must 
exist in the structure studied. It is assumed that the crack initiated from a “starter” 
crack formed by the coalescence of several micro-cracks, and grows in an unstable 
way until it reaches the next 0° layer. In the beam considered in this study, the growth 
of the initiating crack in the thickness of the 90° layer was not measured. The length of 
the assumed starter crack is obtained by performing an analysis with a finite element 
model. In this model, the increase of compliance in a cross-ply beam due to the growth 
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of a crack from starter crack length ai to full length t90/2 is calculated. It is then 
compared to the measured compliance increase due to the formation of the first 
transverse crack. The same model as described in section 3.3.1 is used, with a crack of 
length ai in the bottom 90° layer as the only modification. As shown in the meshed 
geometry representing half the beam in figure 3.2, this was achieved by releasing the 
nodes corresponding to the crack length at the boundary condition for symmetry. 
Further variables necessary for the model, like the deflection δ, the beam width B and 
the beam thickness h, were taken for each lay-up as the averaged values from the 
tested specimens. Two models for each lay-up need to be solved, the first having a 
starter crack length ai, the second the total 90° layer thickness t90/2. 
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figure 3.2: Mesh used for the calculation of the compliance of the cross-ply beam with 

a crack of length ai. 

 
Since experimental variables are necessary to run the model, the results of the starter 
crack length required which predict the experimentally observed energy release rate 
will be presented in section 3.4.3, after the description of the experimental programme. 

3.4. Experimental programme 

3.4.1. Specimen preparation 

A minimum of eight beam specimens were cut from different locations in each of the 
laminates, using a water-cooled diamond saw. The exact number of specimens tested 
for each lay-up is summarised in table 3.5. In the case of the unidirectional beams 
[906c]s, the specimens were sawn from two different laminates coded (a) and (b). In the 
case of the [904c/04c]s lay-up, beams were sawn from 5 different laminates coded from 
(a) to (e). 
 
 

Lay-up: [906c]s [904c/01g]s [904c/03g]s [904c/01c]s [904c/04c]s 

Number of 
specimens 

20 
(2 laminates 
coded a & b) 

10 9 10 Conventional 
cutting: 
36 
(4 laminates 
coded a to d) 

Low-pressure 
cutting: 
8 
laminate  
coded e 

table 3.5: Number of beam specimen tested per type of lay-up. 
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The beam specimens of the fifth [904c/04c]s laminate (e) served to evaluate the possible 
effect of the sawing technique on the experimental data. These were cut with a low-
pressure saw with a water-cooled carbon disk. This technique was thought to induce 
less damage to the beam edges than the conventional sawing technique. All specimens 
were sawn directly after pressing. A few specimens sawn from the laminates having 
the higher levels of internal stresses ([904c/01c]s and [904c/04c]s) did have some obvious 
transverse cracks in the 90° layer prior to testing and were rejected. The cut specimens 
were conditioned at 23oC and 50 % relative humidity until testing. Testing was 
performed 240 hours after fabrication, when the relaxation of the residual stress 
approaches an asymptotic value [3 (chapter 2 of this thesis)].  
 

3.4.2. Experimental set-up 

All experiments were performed on a Zwick testing machine, fitted with a three point 
bend set-up, at a constant cross-head velocity of 0.5 mm/min. The span, L, used was   
30 mm, with 5 mm diameter cylindrical fixed supports and a 9.5 mm diameter 
cylindrical loading nose. The beams were nominally 50 mm long and 12 mm wide (b), 
the precise width being measured for each specimen. 
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figure 3.3: (a): Three point bend set-up. (b): Detail of location of the first transverse crack. 

 
The deflection of the beam, δ, was monitored with an inductive displacement gauge 
(Mahr Pupitron) with a sensitivity of 0.06 mm/V. The transducer measured the 
deflection at the bottom side of the beam, directly under the loading nose vertical axis. 
As shown in figure 3.4, it means that the measured beam compliance (cexp=δ/F) does 
not need to be corrected for any indentation of the loading nose on the beam. 
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figure 3.4: Three point bend set-up with schematic local indentation. 

 
The indentation of the loading nose on the beam was still evaluated experimentally, in 
order to approximate the effect of the indentation of the supports on the beam 
compliance. The reaction force on the supports is half the force on the loading nose, 
which means that the indentation of the loading nose on the beam gives an upper 
bound of the indentation of the supports on the beam. Bending tests were performed 
where the displacement transducer measured the indentation of the loading nose on the 
beam by using the loading nose as a reference. For the stiffest lay-up ([904c/04c]s), the 
indentation compliance obtained is 0.3 % of the global beam compliance. The effect of 
the indentation on the bending compliance is therefore neglected. 
 
The 90° layer, being the outer layer, made it possible to observe the transverse crack 
growth process across its width with simple recording techniques. Furthermore, the 
formation of a crack in the outer layer of the cross-ply laminates mostly led to a 
significant increase in bending compliance, which can induce a sudden force drop in 
cases where the crack growth is unstable. Measurement of only the force at which the 
crack occurs is not sufficient for determining the stress at fracture. The position of the 
crack along the beam must also be known. For this purpose, cracking was visualised 
and recorded by a CCD camera connected to a time-coded video recorder. The 
recording was obtained through an optical mirror placed under the beam as shown in 
figure 3.3 and fixed to the loading nose, in order to maintain the required picture 
sharpness during the test.  
 
The recorder produced 24 images per second. Relating the recorder time scale to the 
force-displacement time scale made it possible to synchronise every cracking event 
with the position on the force-displacement data. This was especially useful in cases 
where the crack growth was stable and no force drop could be observed on the force-
displacement curve. A typical force-displacement diagram with multiple unstable 
transverse cracking is shown in figure 3.5. Early acoustic emission monitoring 
performed to support the visual technique is also given in this figure. Square and 
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triangular symbols indicate the moment of acoustic activity and the moment of visual 
growth respectively on the force-displacement curve. Both of them are shown to 
coincide with the force drop at the formation of each transverse crack. Based on the 
video record, the longitudinal distances (d in relation (3.7) and indicated in figure 3.5) 
between the resulting transverse crack planes and the loading nose vertical plane of 
axi-symmetry could be measured after testing, using a X-Y table fitted with a 
travelling microscope. 
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figure 3.5: Typical force-displacement response of a cross-ply laminated beam under 3 point 

bending, showing the force-displacement data related to the visual growth of a 
crack as well as the acoustic emission event. Cracks are numbered and their 
longitudinal positions from the loading nose plane are given in the table and related 
diagram. 

 

3.4.3. Results 

3.4.3.1. Compliance before the formation of the first visible transverse crack 

The experimental bending compliance, cexp, prior to the first transverse crack is 
obtained from the inverse slope of the force-displacement response. A summary of the 
bending compliance results is presented in table 3.6. The first two rows give the lay-up 
of the beam and the level of internal stress as determined with the CLT, corrected by 
the relaxation correction coefficient vf . The letters (a) to (e) are used to identify 
different laminates having the same lay-up. The number, n, of specimens tested in each 
group is indicated. The next rows give the average experimental compliance of all the 
specimens tested in that group, the average ratio between the theoretical compliance, 
csth, which includes the effect of shear deflection (relation (3.3)) and the experimental 
compliance cexp. The last row shows the relative standard deviation, which provides an 
indication of the test reproducibility of specimens taken from the same laminate. 
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Lay-up: [906c]s 

 (a) (b) 
[904c/01g]s [904c/03g]s [904c/01c]s [904c/04c]s 

 (a) (b) (c) (d) (e) 
Number of 
specimens n 

10 10 10 9 10 7 8 12 7 8 

Relaxed 
thermal stress 

vf )(
*,

90
1rσ  

(MPa) 

0 18.8 25.2 33.4 37.6 

Average 
experimental 
compliance 

∑
=

n

1i

i
n
1 c )(

exp  

(x10-6 m/N) 

9.13 8.61 16.5 4.12 15.8 1.8 2.17 1.93 1.78 1.84 

Average ratio 
theoretical/ 
experimental 
compliance 

∑
=

n

1i
i

i
sth

n
1

c

c
)(

exp

)(

 

1 1 1 0.98 0.91 0.95 0.94 0.87 0.95 0.97 

rsd (%) 1.8 1.9 1 3.2 3.1 6.6 7.8 9.5 5.9 1.6 

table 3.6: Bending compliance results summary. 

 
The detailed results are shown in figure 3.6, where the compliance ratio csth/cexp for 
each test specimen as well as the average value is plotted against the relaxed level of 
residual stresses. 
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figure 3.6: Bending compliance ratio csth/cexp as a function of the relaxed residual stresses. 



48  Variation of the laminate lay-up 

 

Of course, the ratio between the theoretical and the experimental compliance is equal 
to unity for the unidirectional specimens, since the transverse modulus E2 was derived 
from the tests on these beams. Up to a residual stress level of about 25 MPa, the 
compliance ratio is close to unity or, in other words, the theoretical compliance csth 
accurately predicts the measured one. Beyond this 25 MPa level, the prediction 
underestimates the measured result. The deviation of the experimental compliance 
from the prediction indicates that a residual stress limit exists above which the 
integrity of the structure degrades. The degradation of the structure at this level of 
thermal stresses is confirmed by the earlier mentioned formation of transverse cracking 
in certain beam specimens before testing. The formation of transverse cracks due to the 
thermal stresses was also observed on the same material system during thermal stress 
relaxation measurements [3 (chapter 2 of this thesis)]. However, it is also possible that the 
damage leading to the increase in compliance is restricted to the micro-level, i.e. to a 
fibre-matrix level. This possibility will be discussed in the next section. The relative 
standard deviation is also the highest for the beam being most affected by the pre-
testing damage. This is typical for a phenomenon dominated by a fracture process. 
It is also worth noting the low scatter for the set of beam specimens cut with the low-
pressure metallurgical saw ([904c/04c]s laminate e). This suggests that the damage 
induced by the thermal stresses can be initiated at the free edges of the beam. 
 
By assuming that the damage induced by the residual stress is restricted to the micro-
level and follows a certain distribution across the laminate, the assumption of 
transversal isotropy remains valid for the composite layer. Hence, continuum 
mechanics can still be used. It is then possible to interpret the experimental bending 
compliance in terms of modified material properties. The elasticity modulus in the 
fibre direction is controlled by the fibre modulus and it is assumed that it will hardly be 
affected by any matrix damage. The increase in compliance therefore finds its origin in 
the 90° layer. The resulting “reduced” or apparent transverse elasticity modulus E2d is 
calculated by replacing the compliance csth in relation (3.3) by the measured 
compliance cexp and solving for E2. Numerical results of E2d for the different lay-ups 
considered are given in table 3.7. 
 
 
Lay-up: [904c/01g]s [904c/03g]s [904c/01c]s [904c/04c]s 

 (a) (b) (c) (d) (e) 
Relaxed thermal 
stress 

vf )(
*,

90
1rσ (MPa) 

18.8 25.2 33.4 37.6 

Apparent transverse 
elasticity modulus 
E2d (GPa) 

8.18 8 7.42 6.94 6.88 5.03 6.9 7.54 

rsd (%) 1.1 4.8 3.4 23 27 39 21 5.2 

table 3.7: Damage transverse modulus E2d values 

 
Just as for the compliance ratio, the reduced transverse modulus, E2d, hardly differs 
from the transverse modulus, E2, obtained from the unidirectional laminated beams 
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(8.2 GPa) for the laminates having a level of residual stress up to 25 MPa. The 
difference between E2 and E2d becomes significant for the last two plate types, where 
the residual stress level exceeds 30 MPa. 
 

3.4.3.2. Stress at the onset of the first transverse crack 

The crack growth was unstable in most cases, which led to a sudden force drop and an 
increase in beam compliance, as shown in figure 3.5. The transverse cracks typically 
started at one sawn edge of the beam. The crack growth was stable on only some 
[904c/04c]s specimens. The axial stress at the initiation of the first visible transverse 
crack is now considered and results are given in table 3.8.  

The axial stress is built up from the thermal residual stress )(
*,

90
1rrσ  and the mechanical 

bending stress )(
*,

90
1bσ for z = h/2.  

 

)()(
*,

)(
*,

)(
*, 2hf 90

1b
90
1rv

90
1ftc σσσ +=  (3.11) 

 
In the calculations of residual and bending stresses presented in table 3.8 use is made 
of both transverse moduli, E2 and E2d, the particular value used being indicated in the 
table. For the [904c/04c]s lay-up, an average value over the complete sample for the 
reduced transverse modulus E2d was used (6.95 MPa). This reduced transverse 
modulus is assumed to reflect the increase in compliance due to the presence of micro-
damage. Therefore it is also used for calculating the relaxed thermal stress. This 
follows the observation made during the measurement of the thermal stress relaxation 
[3 (chapter 2 of this thesis)] mentioned earlier. One of the conclusions of these 
measurements was that the modelled stress relaxation of the laminate having the 
highest level of thermal stress was significantly lower than the measured stress 
relaxation. This difference was argued to be due to the presence of transverse cracks, 
which affects the laminate compliance.  
 
Lay-up: [906c]s [904c/01g]s [904c/03g]s [904c/01c]s [904c/04c]s 

 (a) (b) (c) (d) (e) 
)(

*,
90
1rvf σ  

(with E2) 
0 18.8 25.2 33.4 37.6 

R
es

id
ua

l 
st

re
ss

 (
M

P
a)

 

)(
*,

90
1rvf σ  

(with E2d) 
0 18.8 24.7 30.9 30.4 

)(
*,

90
1bσ  

(with E2) 
70.4 51 41.3 31.3 31.4 32.6 31 33 33.7 

B
en

di
ng

 
st

re
ss

 (
M

P
a)

 

)(
*,

90
1bσ  

(with E2d) 
70.4 51 41 30.9 26.7 28 26.3 28 28.6 

 rsd (%) 9.1 15.2 15.4 26.7 4.7 17.5 10.7 16.9 11.3 

table 3.8: Residual and bending stresses at the initiation of the first transverse crack. 
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The resulting total stresses at first transverse crack formation )(
*,

90
1ftcσ , calculated using 

both transverse moduli, are shown in table 3.9. The values quoted are averages for 
each sample. 
 
 

Lay-up: [906c]s [904c/01g]s [904c/03g]s [904c/01c]s [904c/04c]s 
)(
*,

90
1ftcσ  (MPa) 

(with E2) 
70.4 69.8 66.5 64.7 69.6 

)(
*,

90
1ftcσ  (MPa) 

(with E2d) 
70.4 69.8 65.7 61.8 57.7 

rsd (%) 9.1 11.1 9.6 12.7 6.2 

table 3.9: Total stress at the initiation of the first transverse crack. 

 
The detailed results of the total stress at first ply failure using the standard transverse 
modulus, E2, and the reduced modulus, E2d, values are shown in figure 3.7 and figure 
3.8 respectively, where the stress for each test specimen as well as the average for the 
considered group of specimens is set against the relaxed level of residual stresses. 

3.4.3.3. Energy release rate at the crack formation 

As discussed in section 3.3.4., it is necessary to evaluate the length of the initial starter 
crack ai leading to the formation of the transverse crack. A finite element model is 
used for this purpose, where the theoretical increase in compliance ∆cfem due to the 
formation of the transverse crack from ai to t90/2 is compared to the measured increase 
in compliance ∆cexp for different values of ai. For each lay-up considered, the model is 
loaded with a thermal strain to account for the relaxed residual stresses, as well as the 
average measured deflection, δ. 
 
The results of the finite element model are given in table 3.10, together with the 
corresponding experimental values for each lay-up. Both the experimental and 
theoretical bending compliances before the occurrence of the first transverse crack are 
given first. Then the average increase of the measured compliance, ∆cexp, can be 
compared to the modelled values, ∆cfem, calculated for various length, ai, of starter 
crack with subsequent crack growth through the 90° layer.  
 
Two distinctive behaviours can be found from the results of table 3.10. In the case of 
the lay-ups having the highest level of residual stress ([904c/04c]s and [904c/01c]s), the 
measured increase of compliance due to the formation of the first crack corresponds to 
a starter crack in the FEM model of respectively 2.2 x 10-4 m and 3 x10-4 m. For the 
lay-ups having the lowest level of residual stresses ([904c/01g]s and [904c/03g]s), the 
measured increase of compliance is always higher than the calculated increase in 
compliance, whatever the assumed length of the starter crack. 
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figure 3.7:  Axial stress at first transverse crack based on the transverse modulus E2 as a function of 

the relaxed residual stresses 

 

figure 3.8:  Axial stress at first transverse crack using the reduced transverse modulus E2d as 
a function of the relaxed residual stresses 

 
In other words, more energy was released than could be theoretically predicted in these 
two cases. Since a negative starter crack length is not physically acceptable, an 
arbitrary initial starter crack length of 0.5 x 10-4 m was chosen. The difference in 
behaviour can be indicative of the presence of defects or micro-cracks induced by the 
presence of residual stress. At a high level of residual stress, the presence of micro-

30

40

50

60

70

80

90

0 10 20 30 40

Residual stress            (MPa)

St
re

ss
 a

t f
tc

  σ
ft

c,
1*

 (
M

Pa
)

(9
0)

[906c]s [904c/01g]s [904c/03g]s [904c/01c]s [904c/04c]s Average

Using E 2d

)(
*,

90
1rrσ



52  Variation of the laminate lay-up 

 

cracks leads to a comparatively lower level of energy being required for the starter 
crack initiation. At low levels of residual stresses, less or no micro-cracking means that 
extra energy is required for the starter crack initiation. The presence of residual stress 
induced micro-cracking will be argued in the section 3.5.1. 
 
Lay-up: [904c/01g]s [904c/03g]s [904c/01c]s [904c/04c]s 

∑
=

n

1i

i
n
1 c )(

exp (x10-6 m/N) 16.5 4.1 15.8 1.91 

femc (x10-6 m/N) 16.7 4.4 16.4 1.88 

∑
=

∆
n

1i

i
n
1 c )(

exp  (x10-6 m/N) 5.7 0.9 4.5 0.13 

ai=0 4.8 0.68 6.2 0.161 
ai=1x10-4m 4.7 0.66 6.1 0.155 
ai=2x10-4m 4.3 0.6 5.5 0.137 
ai=3x10-4m 3.6 0.5 4.6 0.11 

femc∆   

(x10-7 m/N) 
 
(from ai to 
t90/2) ai=4x10-4m 2.8 0.38 3.4 0.08 

table 3.10:  Theoretical and experimental compliance before the crack and 
increase of compliance for crack growth through the 90° layer for 
different starter crack lengths. 

 
The fact that the analysis assumes a transverse crack growth from a starter crack to the 
full layer thickness prevents its application to the [906c]s unidirectional beams. In these 
beams, the compliance after the formation of the transverse crack is zero, giving an 
infinite energy release rate according to equation (3.10). 
 
The values of the length of the assumed starter crack for further fracture mechanics 
calculations are reproduced for each lay-up in table 3.11. 
 
 
Lay-up: [904c/01g]s [904c/03g]s [904c/01c]s [904c/04c]s 

ai (x 10-4 m) 0.5 0.5 2.2 3 

table 3.11: Assumed length of the starter crack. 

 
Following the estimation of the length of the initial starter crack, the experimental 
energy release rate can be calculated for the different lay-ups using equation (3.10). 
Each value as well as the average for the corresponding lay-up, is shown in figure 3.9, 
where the energy release rate Gexp is set against the relaxed level of residual stresses.  
 
Although the scatter is large, it can be observed that the experimental energy release 
rate decreases with increasing level of residual stress. Another important observation is 
that, in contrast to the stress at failure criterion discussed earlier, the values of 
experimental energy release are independent of the mechanical properties of the 
composite.  



Chapter 3  53 

 

0
100
200
300
400
500
600
700
800
900

1000

0 10 20 30 40 50 60 70 80

Residual stress           (MPa)

E
ne

rg
y 

re
le

as
e 

ra
te

 G
ex

p
 (

J/
m

2 )

)(
*,

90
1rrσ

[904c/01g]s [904c/03g]s [904c/01c]s [904c/04c]s Average
 

figure 3.9: Energy release rate as a function of the relaxed residual stress. 

 
The validity of an energy criterion to describe this trend will be discussed in the next 
section. 

3.5. Discussion 

3.5.1. Use of a Maximum Stress Criterion 

Based on the results just presented, two different approaches for the prediction of 
transverse crack prediction are discussed, a Maximum Stress Criterion and a fracture 
mechanics approach. First the application of a Maximum Stress Criterion, which 
proposes to compare the maximum occurring stress in a structure with the 
corresponding critical strength measured on a unidirectional laminate. In our case it is 
the comparison between the transverse failure stress in the 90° layer of the cross-ply 

beams, )90(
*1,ftcσ , which is the principal stress and the critical transverse strength 2,cσ  

measured on a 90° unidirectional laminate. In other words, the first transverse crack 
occurs when: 
 

2,
)90(
*1, cftc σσ ≥  (3.12) 

 
The usual approach is to measure 2,cσ  in a tensile test. Tests performed on five [906c]s 

carbon-polyetherimide tensile coupons (150 mm x 25 mm x 2 mm) gave an  axial 
stress at fracture of 35 MPa. It is clear from typical stress values at first transverse 
crack obtained on the cross-ply bending tests (between 55 and 70 MPa) that this tensile 
strength underestimates the occurrence of the first transverse crack in bending. 
Lammerant already drew such a conclusion on a cross-ply carbon-epoxy system [17]. 
This can be described as a statistical problem, by assuming a certain defect distribution 
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in a laminate from which a crack will grow. In a tensile test, the axial stress is constant 
over the full length of the laminate. In a bending test, the bending stress is not constant 
along the length of the beam and has a maximum at the free surface of the 90° layer. 
The probability that the location of the defect leading to the crack in a bending test 
coincides with the location where the stress is maximum is small. This can explain 
why the first transverse crack occurs at a lower average stress in a tensile test than in a 
bending test. 
 
Using the strength of the 90° laminate tested under bending (70 MPa) as the critical 
value 2,cσ , figure 3.7 shows that the horizontal line at 70 MPa describes well the 

formation of the first transverse crack in all the cross-ply specimens. This is at least 
valid when the standard transverse modulus E2 is used to calculate the failure stress. 
However, figure 3.8 shows that, when calculating the stress at the first transverse crack 
with the reduced transverse modulus E2d, the maximum stress criterion only applies up 
to a residual stress of about 25 MPa. Above this level, the first transverse crack occurs 
at a lower stress than predicted by this criterion. This highlights the fact that, although 
in our case the maximum stress criterion applies fairly well when using the critical 
transverse bending strength, the results are dependent on the assumptions made for the 
value of the elasticity modulus used in its calculation. 
 
Also the residual stress relaxation plays a role in the application of such a criterion as 
illustrated in figure 3.10, giving the average stress at first transverse crack as a function 
of the residual stress. The circles show the results when the stress relaxation is 
neglected. 
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Use of a quadratic strength criterion such as Tsai-Hill is not an alternative in the case 
of a cross-ply with the 90° layer at the free surface, since stresses other than the 
transverse stress considered in the maximum stress criterion are negligible at the 
initiation of the first transverse crack. 
 
It is suggested that the underestimation of the stress at first transverse crack calculated 
with the apparent elasticity modulus E2d is caused by the presence of micro-damage in 
the 90° layer of the cross-ply specimens. The possibility of the presence of micro-
damage introduced by residual stresses is supported by micro-mechanical FEM 
models, which consider the stress situation in the matrix around a single fibre loaded 
transversally.  
 
Based on the Carbon-Polyetherimide composite used in the present study, a 2D plane 
strain model of a fibre embedded in matrix is presented by the present authors in [3 
(chapter 2 of this thesis)]. The aim was to support the occurrence of micro-damage or even 
matrix cracks under the presence of residual stress. Since no data on the fibre-matrix 
interface of the Polyetherimide-Carbon system were available, two extreme situations 
were studied: one with a perfect interface and the other with no interface between the 
fibre and the matrix. The maximum von Mises stress predicted in the matrix near the 
fibre-matrix interface varied between 64 MPa and 122 MPa for respectively a perfect 
interface and no interface. Because the yield stress of the matrix is 105 MPa [18], the 
authors concluded that crazes could form in regions of poor fibre-matrix interface. 
 
The model presented in [3 (chapter 2 of this thesis)] is limited to the situation far removed 
from the edges of a composite. Abedian and Szyszkowski [19] have shown that a 3D 
model has to be applied at the edges of the laminate. In this case, the biaxial shrinkage 
of the matrix at the end of the fibre induces radial tensile stress at the fibre-matrix 
interface. It was argued that this stress is sufficient to produce crack initiation in a 
carbon-epoxy system. The model presented in [19] supported experimental data by 
Morris, Inman and Cox [1]. Although this was not demonstrated on carbon-
polyetherimide within this study, some results shown in table 3.6 and table 3.7 tend to 
confirm the conclusions of Abedian and Szyszkowski. As described earlier, the cutting 
of the specimen from the [904c/04c]s plate (e) was performed with a low-pressure saw, 
in contrast to the diamond saw used for the other specimens. The aim was to obtain a 
more controlled force to advance the cutting, in order to produce minimal damage at 
the edges. 
 
The obvious result was a nearly polished side as opposed to the comparatively rough 
sides obtained with the standard saw. These carefully prepared specimens had a low 
relative standard deviation (1.6 %) on the experimental compliance as opposed to the 
other specimens of the same lay-up (from 6 % to 9.5 %). Also the reduced transverse 
elasticity modulus E2d was the closest to the elasticity modulus E2 determined with the 
[906c]s unidirectional laminate (table 3.7). Still, the stress reached at the initiation of 
the first transverse crack was equal to the values obtained with the roughly sawn 
specimens (table 3.9). 
 



56  Variation of the laminate lay-up 

 

3.5.2. Fracture mechanics approach 

The application of an energy criterion to the experimental results presented in this 
study is evaluated as an alternative to strength-based criteria. The argued presence of 
micro-cracks induced by the residual stress provides a defect and thus a basis for the 
application of fracture mechanics. An evaluation of the length of an initial starter 
crack, ai, was proposed in section 3.4.3.3. The experimental data also presented in the 
latter section concerns the energy released during the growth of a crack from its initial 
starter crack length up to the full thickness of the 90° layer.  
 
According to fracture mechanics, a transverse crack will form when the total energy 
released due to the formation of the crack exceeds some critical value. In the case of 
the transverse crack growing in the thickness direction under mode I failure, this 
critical value is the critical energy release rate, GIc, of a transverse crack growing in a 
unidirectional [906c]s laminate.  
 
The experimental energy results presented earlier in figure 3.9 do not concern the total 
energy release rate but include a mechanical and a thermo-mechanical component [20]. 
It will be called partial energy release rate. The theoretical partial energy release rate 
is calculated according to the following procedure. It is proposed to first calculate in an 
iterative way the theoretical deflection, δth, necessary for the total energy release rate 
to reach the critical energy release rate. The evaluation of the critical energy release 
rate, GIc will be dealt with later in this section. The theoretical total energy release rate 
Gth is calculated with the finite element model presented earlier in section 3.3.4, using 
the following equation [20]: 
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 (3.13) 

 
with σ, ε and α the total stress, total strain and thermal expansion tensors respectively. 
Two models for each lay-up need to be solved, the first having a starter crack length ai 
as evaluated in section 3.4.3.3, the second the total 90° layer thickness t90/2. 
 
The theoretical partial energy release rate Gp,th is then calculated with the following 
equation (3.14), and compared with the experimental partial energy release rate. The 
following expression: 
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is similar to equation (3.10), but with the compliances calculated from the FE model 
loaded by the deflection δth.  
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The critical energy release rate associated with the formation of a transverse crack is 
technically difficult to measure. As a first approximation, it is possible to use the 
critical energy release rate obtained from a double cantilever beam fracture mechanics 
test (DCB). This test concerns the growth of a delamination between two layers 
(mostly oriented at 0°) in opening mode I. Tests performed on the same carbon-
polyetherimide at 0°/0° interface as in this study were reported recently [21] and gave 
a value of 1200 J/m2.  
 
Preliminary calculations showed that a value of 1200 J/m2 is too high. Results based 
on a GIc of 800 and 1000 J/m2 are plotted in figure 3.11, together with the average 
experimental values Gexp (previously in figure 3.9) for all the cross-ply lay-ups. 
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figure 3.11: Theoretical and experimental (average) partial energy release rate as a function of the 
level of relaxed residual stress. 

 
The theoretical results in figure 3.11 behave approximately as linear functions of the 
residual stress. The lines cross the vertical axis (zero macroscopic residual stress) at 
values, which are close to the initially assumed values of GIc of 800 and 1000 J/m2. In 
spite of the large scatter, the experimental results can also be approximated with a 
straight line, which is reasonably representative of the average experimental energy 
release rate per lay-up. This fit crosses the y-axis at a value of about 650 J/m2, which is 
about half the GIc from the delamination growth of a 0°/0° interface. This can be 
considered as a first approximation for the critical energy release rate for the formation 
of a transverse crack, for the testing conditions considered. Taking into account the 
apparent transverse modulus E2d into account in the residual stress calculation would 
shift the experimental linear fit and give a critical energy release rate of approximately 
800 J/m2. 
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3.6. Conclusions 
In this paper the influence of the level of thermal residual stresses on the development 
of transverse cracking in cross-ply carbon-polyetherimide laminated beams subjected 
to bending has been considered. Different levels of ply-to-ply residual stresses were 
obtained by producing cross-ply ([90/0]s) laminates having different lay-ups in the 0° 
layer. Two methods were used to analyse the bend tests. The first considered the stress 
at the formation of the first transverse crack, the second the energy released at the 
formation of this crack.  
 
It was first observed that the ratio between the theoretical and the experimental 
bending compliance before the occurrence of the first transverse crack decreased with 
increasing residual stress. It is argued that this relative increase in measured 
compliance can be related to the presence of residual stress induced damage, which 
increases the compliance of each layer in a direction perpendicular to the fibres. This 
can be interpreted in the use of an apparent transverse modulus E2d derived from the 
bending measurement. 
 
The calculation of the stress at the formation of the first transverse crack put two 
important facts forward. The relaxation of the residual stress between fabrication and 
testing is not negligible for high levels of residual stress. Furthermore, a difference in 
stress at failure of up to 17 % occurs for the beam having the highest level of thermal, 
when the apparent transverse modulus E2d is used instead of the transverse modulus E2 
measured from the unidirectional specimens. Use of the apparent modulus takes the 
possible micro-damage into consideration, whereas use of E2 does not. 
 
Both the effect of the residual stress relaxation and the choice of a transverse modulus 
value used have consequences for the applicability of a strength-based failure criterion, 
when the level of residual stress exceeds 20 MPa for the carbon-polyetherimide 
studied. A maximum stress criterion (using the strength of a unidirectional beam as a 
reference) applies for the structure considered when using the transverse modulus as 
measured on a unidirectional beam, and taking into account the residual stress 
relaxation. When using the apparent modulus, which takes micro-damage into 
consideration, the criterion overestimates the stress at the occurrence of the first crack. 
It is worth adding that this overestimation increases with increasing thermal stress. 
Hence the probability of micro-damage formation in the matrix, increases with 
increasing residual stress. 
 
The use of an energy failure criterion is justified by the presence of micro-damage 
induced by the presence of residual stresses. This method gave promising results, 
although there are difficulties to evaluate the length of a starter crack, as well as the 
critical energy release rate for this specific problem. 
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Chapter 4 
 

The effect of thermal residual stress on transverse cracking in 
cross-ply polyetherimide-carbon laminates under bending: 
Variation of the test temperature 
 
 

4.1. Introduction 
Thermal residual stresses in fibre reinforced composites build up during processing 
due to the difference in thermal properties of the two components. In a composite layer 
made of unidirectional continuous fibres, the difference in properties is translated into 
the shrinkage of the matrix around the fibres. In a laminate made of unidirectional 
layers having different orientations, thermal stresses will also be induced as an average 
stress across the differently oriented layers.  
 
The effects of residual stresses on the failure behaviour of a composite laminate are 
diverse and can be contradictory. The shrinkage of the matrix on the fibre induces 
compressive radial stresses (also called micro-stresses) at the fibre-matrix interface in 
a unidirectional laminate, which are known to enhance the fibre-matrix adhesion [1]. 
The presence of ply-to-ply residual stresses in multidirectional laminates (also called 
macro-stresses) need to be taken into account in any stress analysis on composite 
structures and this is particularly relevant when evaluating the applicability of a failure 
criterion [2]. These macro-stresses will also change the micro-stress situation at the 
fibre-matrix interface, where the radial stress at the fibre-matrix interface becomes 
tensile, therefore enhancing the formation of micro-cracks [4,5 (chapter 2 of this thesis)].  
 
There are some cases where the presence of residual stresses induces damage even 
before the structure is subjected to any mechanical loading. Nairn [3] noticed the 
occurrence of matrix cracking during the last stage of the cooling down of carbon-PET 
non-symmetric plates. Morris, Inman and Cox [4] observed the presence of fibre-
matrix interface cracking in carbon-epoxy due to the cooling from the processing 
temperature. Warnet, Reed and Akkerman [5 (chapter 2 of this thesis)] reported on the 
formation of matrix cracks (also called transverse cracks) during the experimental 
evaluation of the relaxation of thermal residual macro-stresses in multidirectional 
laminates. The same authors used bending tests of [904/04]s carbon-polyetherimide 
beams to study the influence of the level of residual stress on the occurrence of the first 
transverse crack [6 (chapter 3 of this thesis)]. Different levels of residual stress were 
obtained through the variation of the cross-ply lay-up. For the series tested, the authors 
found that a residual stress limit exists above which the stiffness of the 90° layer 
decreased. It was argued that the measured stiffness reduction was due to the presence 
of residual macro-stress induced micro-cracks. A Maximum Stress Criterion based on 
the bending strength of [906]s beams was proposed, which enables the prediction of the 
occurrence of the first transverse crack, until a certain residual stress level was 
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reached. Above this level (the same as for the bending stiffness reduction), the 
maximum stress failure criterion overestimates the onset of cracking.  
 
In the previous study the residual stress was varied by using different lay-ups at room 
temperature. The present study varies the level of internal stresses through the 
variation of the test temperature. Using the test temperature to change the residual 
stress implies that the different laminate properties in the direction controlled by the 
matrix need to be taken into account at the different test temperatures. This mainly 
concerns the coefficient of thermal expansion, α2 and the elasticity modulus transverse 
to the fibres, E2. Also the yield stress of the matrix varies with temperature and may 
therefore play a role in the failure behaviour of the composite considered.  
 
Three point bend tests on [904/04]s and [906]s carbon-polyetherimide laminated beams 
were performed at 4 different temperatures, –70°C, –20°C, 23°C and 70°C. The 
[904/04]s lay-up was chosen as it produced the highest level of residual stress at 23°C 
[6 (chapter 3 of this thesis)]. For both types of laminates, the bending compliance and 
force-displacement data were monitored. In the case of testing the unidirectional 
transverse beams, the purpose was to generate the basic data at the different 
temperatures, i.e., the transverse elasticity modulus and the transverse bending 
strength. The 90° layer, where the crack occurs is assumed transversally isotropic and 
only the macro-stresses are considered. In both lay-ups, the crack was assumed to 
initiate at the beam free surface. This assumption simplifies the stress analysis, as no 
shear component needs to be taken into account. As in the previous paper [6 (chapter 3 
of this thesis)], the relaxation of the residual stress between fabrication and testing is 
taken into consideration.  
 
In the following sections first the material properties used for the evaluation of the 
macro-stresses and the prediction of the bending compliance are given. The analysis of 
the bending test, i.e. compliance and stress, is reproduced from the earlier publication 
[6 (chapter 3 of this thesis)] for the convenience of the reader. The experimental program 
and the results are then presented. The last section discusses the results obtained.  

4.2. Thermo-mechanical properties 

4.2.1. Constituents 

The linear elastic thermo-mechanical properties of the carbon fibre (subscript f) and 
the polyetherimide matrix (subscript m) are given in table 4.1. Carbon fibres (here 
Torayca T300) are mostly considered as being transversally isotropic. The indices 1, 2 
and 3 used in table 4.1 relate to the longitudinal and both transversal directions 
respectively. The longitudinal fibre properties are provided by the manufacturer, 
whereas the transverse properties were found in the literature [7,8]. The 
polyetherimide matrix (Ultem 1000 from GE plastics) is an amorphous thermoplastic 
with a glass transition temperature, Tg, of 215°C. The thermo-mechanical properties of 
the carbon fibre are considered independent of the test temperature, while those of the 
matrix are not. 
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carbon Ef1  
(GPa) 

Ef2  
(GPa) 

Gf12  
(GPa) 

Gf23  
(GPa) 

νf12 

 
νf23 

 
αf1  
(/oC) 

αf2  
(/oC) 

ρf 
kg/m3 

 230 14 9 4 0.2 0.25 -0.7x10-6 5.6x10-6 1760 

PEI Em  
(GPa) 

 Gm  
(GPa)  νm 

 
 αm  

(/oC) 
 ρm 

kg/m3 

3  1.1  0.36  57 x 10-6  1270 

table 4.1: Linear elastic thermomechanical properties of the carbon fibre and the polyetherimide 
matrix at room temperature. 

4.2.2. The prepreg and resulting composite layer 

Ten Cate Advanced Composites produced the unidirectional carbon-polyetherimide 
prepreg material. Before pressing, the prepreg was dried in a vacuum oven at 80°C for 
at least 12 hours. The 250 mm x 250 mm laminates were consolidated by compression 
moulding in a closed form mould at 325°C, at a pressure of 0.7 MPa for 20 min. A 
glass-roving reinforced Teflon layer was used as a release film to facilitate 
demoulding. Cooling to room temperature was performed at the 0.7MPa pressure over 
a period of 40min. The plates were subsequently inspected by C-scan. The matrix 
content of the resulting carbon-PEI laminates was measured using a Soxhlet system 
with chloroform as the matrix solvent. An average of 41.4 % mass matrix fraction 
(relative standard deviation 3.3%) was recorded, based on coupons (50 mm x 12 mm x 
2 mm) extracted from 6 different plates. The average ply thickness was 0.162 mm 
(relative standard deviation 2.9 %). The thermo-mechanical properties of the resulting 
composite layer at room temperature are given in table 4.2.  
 
Both moduli of elasticity were measured on 12 layer unidirectional laminates (50 mm 
x 12 mm x 2 mm) with a bending set-up as described in [6 (chapter 3 of this thesis)]. Both 
values were the average of 8 specimens, having a relative standard deviation of 1 and   
2 % for E1 and E2 respectively. These values agree with those published earlier by 
Eijpe [9]. The shear modulus G12, the Poisson’s ratios ν12 and ν23 and the coefficients 
of thermal expansion α1 and α2 were taken from the literature [9]. 
 
The longitudinal modulus E1 is controlled by the fibre and is independent of the test 
temperature. The transverse modulus E2 is matrix dominated and its dependence on the 
test temperature was evaluated experimentally with the bending set-up as described in 
section 4.4.2. Measured values for the transverse modulus, based on results from 10 
unidirectional [906]s specimens (50 mm x 12 mm x 2 mm) for each temperature, are 
shown in table 4.3. The value of E2 varies from 9 GPa at -70°C to 7.76 GPa at +70°C.  
 
 

carbon-PEI E1 (GPa) E2 (GPa) G12 (GPa) ν12 ν23 α1 (/oC) α2 (/oC) 

At 23°C 117.2 8.2 3.5 0.32 0.45 1x10-6 32x10-6 

table 4.2: Thermo-mechanical properties of continuous carbon fibre reinforced polyetherimide. 
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Test temperature: -70°C -20°C 23°C 70°C 

E2 (GPa) 9 8.64 8.2 7.76 
rsd (%) 2.1 1.8 1.8 2.3 

α2 (x 10-5/°C) 2.78 3.05 3.2 3.53 

table 4.3:  Transverse elasticity modulus and coefficient of thermal 
expansion as a function of temperature 

 
For similar reasons as for the elasticity modulus, the coefficient of thermal expansion 
α1 is fibre controlled and therefore hardly affected by the test temperature. The 
coefficient of thermal expansion α2 is matrix controlled and test temperature 
dependent. α2 was measured on 100 mm x 50 mm x 2 mm [906]s laminated plates. The 
experiments were performed in an insulated container with liquid nitrogen as coolant. 
The container was very slowly heated from -70°C to 70°C by means of a heating 
resistance. The heating rate was 0.1°C/min. The expansion coefficients of three plates 
were measured simultaneously by setting them up as the sides of a triangular prism. 
The variation in length of the prism was measured via a quartz rod with a Heidenhain 
displacement transducer placed outside the cooled container. As shown in table 4.3, 
the value of α2 varies from 2.78 x 10-5 /°C at -70°C to 3.53 x 10-5 /°C at +70°C. It is 
noted that the value of α2 at 23°C corresponds exactly with the value previously 
measured by Eijpe [9]. This lends confidence to the currently measured values. 

4.3. Beam bend test analysis 

4.3.1. Compliance 

As in the previous paper [6 (chapter 3 of this thesis)] using beams of different lay-ups, an 
analytical solution is used for predicting the bending compliance of the composite 
beams, before the occurrence of the first transverse crack. This solution is based on 
beam theory [10], with an extra term taking into account the through thickness shear 
strain. It was shown that for a [904c/04c]s beam with a 30 mm span as considered in the 
present study, the ‘shear term’ accounts for 7 % of the total beam compliance. For a 
simply supported cross-ply beam of span L, the theoretical compliance csth including 
the effect of shear can be written as: 
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where I0 and I90 are the second moment of inertia of the 0° layer and the 90° layer 
respectively, h the total laminate thickness, γ a thickness related dimensionless 
coefficient defined as t0/(t0+t90), t0 and t90 being the 0° layer and 90° layer thickness 
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respectively. G13 and G23 are the out-of-plane shear moduli. The material is assumed 
transversally isotropic and therefore: 
 

)1(2
;
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2
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with ν23 the transverse out-of-plane Poisson ratio.  
 

4.3.2. Thermal residual stress 

4.3.2.1. Quantification after manufacture 

As discussed previously in [5 (chapter 2 of this thesis)], the build up of thermal stresses 
starts during fabrication of the laminate when it is cooled down from the stress free 
temperature to room temperature. The stress free temperature in the case of an 
amorphous thermoplastic is taken as the glass transition temperature [11] ( gT of the 

polyetherimide used is 215°C). On a fibre-matrix scale, the contraction of the matrix 
(αm=57 x 10-6 /°C) is constrained by the presence of the fibre (αf = -1 x 10-6 /°C). This 
results in residual stresses on a fibre-matrix scale (microscale). As follows from table 
4.2, the properties of a carbon-polyetherimide unidirectional layer can be considered 
transversally isotropic. This means that a multidirectional composite will not only 
contain stresses on a microscale, but also on a ply-to-ply (macroscopic) basis. 
 
The residual stresses on the macroscopic scale are often calculated with the 2D in-
plane classical laminate theory [12] (CLT). The limitation of the CLT is that each ply 
is assumed to be in a state of plane stress and that interlaminar stresses are neglected. 
This does not affect the quantification of the residual stresses in symmetric lay-ups. 
The expression for the residual stress in the 90° layer of a cross-ply [0/90]s laminate 
according to the CLT is [5 (chapter 2 of this thesis)]: 
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where ),(
*

900
ijQ  are the components of the reduced stiffness matrix of the 0o or the 90o 

layer in the laminate coordinate system (*). Aij are the components of the laminate 

stiffness matrix and T
iN  the thermal force components due to the temperature change 

∆T. The value of the factor ψ is around 1.01 for unidirectional layers and has been 
taken equal to unity. 
With the thermo-mechanical properties of table 4.2 and a temperature difference ∆T of    

-192°C (i.e. cooling from 215°C to 23°C), the CLT predicts a value )(
*,

90
1rσ  of 43.5 MPa 

for a cross-ply [904c/04c]s. 
 

4.3.2.2. Stress relaxation between times of manufacture and testing 

Between manufacturing and testing, relaxation of the residual stresses will occur in the 
cross-ply laminate due to the viscoelastic properties of the matrix. Measurements 
aimed at evaluating the relaxation on the system at 23°C were presented in a previous 
publication [5 (chapter 2 of this thesis)]. The results, which are relevant to the present 
study, are summarised in this sub-section. Beside the relaxation measurements, a 
model was proposed, based on a micro-mechanical model. Use was made of the 
manufacturer’s polyetherimide creep data and the linear-elastic properties of the 
carbon fibre.  
 
The experiments showed a 24 % reduction in stress after 240 hours for a [904c/04c]s 
cross-ply laminate. The model used predicted a 14 % decrease over the same period. 
The observation of time dependent matrix cracking during the relaxation testing led to 
the conclusion that the measured relaxation was not solely the result of the viscoelastic 
effects. The presence of matrix cracks or micro-cracking was thought to cause the 
decrease in stiffness of the 90° layer [13] and thus the additional decrease in residual 
stress. Although both mechanisms contribute to the decrease in thermal stresses, the 
viscoelasticity-induced part of the measured relaxation is recoverable and has no 
influence on the actual stiffness of the 90° layer. It is proposed to use the micro-
mechanical model of [5 (chapter 2 of this thesis)] as a first approximation of the 
viscoelasticity induced relaxation. A reduction factor fv reflects the reduction of the 
residual stress level. The following relation defines the relaxed residual stress in the 
90° layer.  
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The factor fv depends on both time and initial level of residual stresses. For the 
[904c/04c]s cross-ply laminate used in this study, fv can be approximated by the 
following power law [5 (chapter 3 of this thesis)]: 
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With the time t in hours and )(
*,

90
1rσ =43.5 MPa. (see section 4.3.2.1). 

4.3.2.3. Thermal residual stresses at the time of testing 

The build-up of the axial residual stress in the 90° layer of a cross-ply beam is 
sketched in figure 4.1 as a function of time from fabrication to testing. The level of 

residual stress just after fabrication, )(
*,

90
1rσ , is determined with equation (4.2) with a ∆T 

of -192°C (23°C-215°C). The residual stress then relaxes at room temperature (23°C) 

and the resulting )(
*,

90
1rrσ  is calculated as a function of time with equation (4.3). It was 

decided to perform the bending tests after the residual stress relaxation was reasonably 
stabilised. A time of 240 hours between fabrication and testing was judged to be 
sufficient. When testing at room temperature (23°C) 240 hours after fabrication, the 
amount of axial residual stress is equal to: 
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When testing at the three other temperatures (-70°C, -20°C, 70°C), an extra term needs 
to be added for the thermal stress induced by the temperature difference between room 
temperature and the test temperature: 
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where )(
*,

90
1rσ  is calculated with equation (4.2). 

 
The path of residual stress development from fabrication to the instance of testing at 
the four different test temperatures is shown in figure 4.1, and the corresponding 
values in table 4.4.  
 

4.3.3. The bending stress 

A relationship for the bending stress at the bottom of the 90° layer of the [904c/04c]s 
laminated beam is obtained from beam theory [10]: 
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where d is the longitudinal distance between the crack plane and the vertical axis 
through the loading nose as shown in figure 4.2. This distance has to be included to 
calculate the actual bending stress where the crack forms, since the bending moment is 
not constant over the length of the beam. The bending stress is maximum at the beam 
free surface, (i.e. for z=h/2 with h the total beam thickness) and this is where the 
transverse crack is supposed to initiate. 
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figure 4.1: Time evolution of the residual thermal stress in the 90° layer of a cross-ply 

laminate, from fabrication until testing (at different test temperatures). 

 
 

Test Temp.(°C) -70°C -20°C 23°C 70°C 
Thermal stress 

)(
*,

90
1rtσ (MPa) 56.7 47.2 37.6 26.9 

table 4.4: Residual stress at the different test temperatures. 

4.4. Experimental programme 

4.4.1. Specimen preparation 

Both specimens with [906c]s and [904c/04c]s lay-up were tested at -70°C, -20°C, 23°C 
and 70°C. The beam specimens were cut with a water-cooled diamond saw from 
different locations in the plates for statistical analysis. The specimens were cut directly 
after pressing. The results at 23°C for both unidirectional and cross-ply specimens are 
reproduced from an earlier paper [6 (chapter 3 of this thesis)]. For the tests at the other 
temperatures, the specimens were cut from the same plates as for the tests at 23°C. 
Only one laminate was used for the unidirectional specimens. For the cross-ply beams, 
5 laminates, coded from (a) to (e), were used at room temperature. The beam 
specimens from the fifth plate (e) were cut with the help of a low pressure carbon saw, 
leading to a better cutting surface finish. The test specimens for testing at the other 
temperatures were taken from the laminates (a) and (b). At least 8 specimens per test 
temperature were used as shown in table 4.5. 
 
 
 



Chapter 4  69
  

 

Testing T (°C): -70 -20 23 70 

[906c]s 12 10 12 11 

[904c/04c]s 
8 

(laminate b) 
8 

(laminate b) 
40 

(laminates (a to d) 
13 

(laminate a & b) 

table 4.5: Number of beam specimen tested per type of lay-up and temperature. 

 
A few cross-ply specimens had some obvious transverse cracks in the 90°layer before 
the actual test and were not tested. The cut specimens were conditioned at 23oC and 
50% relative humidity until testing. An arbitrary time of 240 hours after fabrication 
was chosen for the bending tests [5 (chapter 2 of this thesis)].  
 

4.4.2. Experimental set-up. 

All experiments were performed on a screw driven Zwick testing machine fitted with a 
three point bend set-up, at a constant cross-head velocity of 1 mm/min, which 
corresponds to a strain rate at the bottom of the beam of 2.4x10-4 /s for the 16 layer 
cross-ply beam. The span L used was 30 mm, with 5 mm diameter cylindrical fixed 
supports, and a 9.5 mm diameter cylindrical loading nose. The beams were around    
50 mm long and nominally 12 mm wide (b), the precise width being measured for each 
specimen. The compact test set-up was placed in a temperature controlled environment 
chamber. Temperatures below room temperature were created with a controlled 
injection of liquid nitrogen. 
 

45o
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figure 4.2: Dimensions of the three point bending set-up. 

 

4.4.2.1. Measurement of the beam deflection 

The deflection of the beam was monitored with an inductive displacement gauge 
(Mahr Pupitron) with a sensitivity of 0.06 mm/V. In the case of the tests at room 
temperature, the transducer measured the deflection at the bottom side of the beam, 
directly under the loading nose main axis. For the other test temperatures, the 
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displacement had to be measured outside the environmental chamber and the 
transducer measured the actual displacement of the machine cross-head.  
 
Measuring the deflection locally prevents taking into account the influence of the 
indentation of the loading nose on the global beam deflection. The indentation of the 
supports on the beam was shown to be negligible [6 (chapter 3 of this thesis)]. 
 
For the tests in the environmental chamber, it is then necessary to determine the 
system compliance, which mostly concerns the quantification of the influence of the 
local indentation of the supports and the loading nose on the global deflection of the 
beam. For this purpose, a number of beams was tested with the two supports set close 
together to obtain a minimum span length, as shown in figure 4.3-b. 

F (N)

X
Z

F
F δb

δ (mm)

Indentation testBending test

Bending test

Indentation test

δbδi

Fa

δi

0.270.013

150

(a) (b)

(c)

 
figure 4.3: Bending test and indentation test. 

 
In this way, the global bending deflection of the beam is minimised compared to the 
indentation of the supports. Typical force-displacement responses of both bending and 
indentation tests are shown in figure 4.3-c. At a certain force Fa, the corrected 
deflection is obtained by subtracting the displacement δi corresponding to the 
indentation test from the displacement δb measured during the actual bending test. The 
values quoted on the force-displacement diagram in figure 4.3 are indicative of the 
system compliance corrections made. 
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Based on 5 indentation tests, the indentation compliance was determined as 5 % of the 
bending compliance of a cross-ply beam. This correction is applied in all calculations. 
For the unidirectional laminate, the indentation compliance was less than 1 % of the 
bending compliance and is therefore neglected.  

4.4.2.2. Detection of the transverse crack 

The detection of the transverse cracking was relatively easy because the 90° layer was 
the outer layer. For the specimens tested at the 2 lowest temperatures, the transverse 
crack growth was unstable and a substantial amount of energy was released at crack 
formation. This led to a significant force drop, as shown in figure 4.4 for a typical 
force-displacement response at -70°C. In this case, the test was interrupted so that the 
distance d in relation (4.6) between the crack plane and the loading nose axis could be 
measured.  
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figure 4.4: Typical force-displacement response of two cross-ply laminated beams tested at -70°C and 

+70°C  

 
At 70°C, the crack growth was mostly stable and no force drop was noticeable as 
shown in figure 4.4. At 23°C, the crack growth was either stable or unstable. For these 
two temperatures, a visual technique was therefore used for the crack detection. 
Cracking was recorded by a CCD camera connected to a time-coded video recorder. 
The video time base was synchronised with that of the data acquisition system 
monitoring the force and displacement. The recording occurred through an optical 
mirror placed under the beam as sketched in figure 4.2. The mirror was fixed to the 
loading nose in order to keep the sharpness of the picture during the test. Based on the 
video record, the longitudinal distances (d in relation (4.6)) between the resulting 
transverse crack plane and the loading nose axis could be measured by viewing the 
video recording after testing. For this purpose, a X-Y table fitted with a travelling 
microscope was used. 
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4.4.3. Results 

4.4.3.1. Compliance before the occurrence of the first visible transverse crack 

The bending compliance, cexp, prior to the occurrence of the first transverse crack is 
obtained from the inverse slope of the measured force-displacement response. The 
results obtained with the unidirectional beams provide the transverse elasticity moduli 
at different temperatures as presented in table 4.3. These values are used to predict the 
compliance of the cross-ply beams with equation (4.1). A summary of the bending 
compliances of the cross-ply beams is presented in table 4.6. The first two rows give 
the test temperature and the number, n, of specimens tested. The letters (a) to (e) are 
used to differentiate between the laminates having the same lay-up. The next rows give 

the level of internal stresses, )(
*,

90
1rtσ , as determined in section 3.2.3 and the average 

ratio between the theoretical compliance including the shear effect, csth, (relation (4.1)) 
and the experimental compliance cexp. Also the relative standard deviation, rsd, of the 
compliance ratio is given. 
 
 
Test T (°C) -70 -20 +23 

 (a) (b) (c) (d) (e) 
+70 

 (a) (b) 
Number of 
specimens n 8 8 7 8 12 7 8 6 7 

Thermal 
stress 

)(
*,

90
1rtσ (MPa) 

56.7 47.2 37.6 26.9 

Average ratio 
theoretical/ 
Experimental 
compliance

∑
=

n

1i
i

i
sth

n
1

c

c
)(

exp

)(

 

0.88 0.91 0.95 0.91 0.87 0.95 0.97 0.99 0.97 

Rsd (%) 8.5 5.7 6.6 7.8 9.5 5.9 1.6 4.5 4.6 

table 4.6: Summary of the cross-ply beams bending compliances. 

 
The complete set of data is depicted in figure 4.5, giving the compliance ratios csth/cexp 
and the average value as a function of the residual stress.  
 
In spite of the scatter in the data, the results clearly reveal that the predicted 
compliance underestimates the measured one within the range of test temperatures 
considered. The difference between the two compliances increases with increasing 
residual stress. These results confirm the conclusions drawn in an earlier publication 
by the present authors [6 (chapter 3 of this thesis)], where the level of residual stress was 
varied by testing cross-ply beams having different lay-ups at room temperature. That 
study showed the existence of a residual stress limit above which the theoretical 
compliance underestimates the measured compliance. The residual stress limit 
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proposed in that paper of 25-30 MPa for the system considered also applies to the 
present data.  
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figure 4.5: Bending compliance ratio csth/cexp as a function of the relaxed residual stresses. 

 
It was argued in [6 (chapter 3 of this thesis)] that the increase in compliance with 
increasing residual stress could be attributed to the presence of damage on a fibre-
matrix level which occurred before mechanical testing. This damage would decrease 
the stiffness of the 90° layer and therefore increase the compliance of the beam. This 
micro-damage can also induce early transverse cracking. Evidence of transverse cracks 
before testing in the cross-ply beams was observed in the present test series. The high 
relative standard deviation also strengthens the argument that a damage process 
controls the measured compliance. Such observations were also made in the laminated 
plates used for determining the residual stress relaxation [5 (chapter 2 of this thesis)].  
 
By assuming that the above mentioned micro-damage is uniformly distributed across 
the laminate, the composite layer can still be treated as being transversally isotropic. It 
makes it possible to translate the experimental bending compliance into material 
properties, namely the elasticity moduli of layers containing micro-damage. It is also 
assumed that the elasticity modulus in the fibre direction will hardly be affected by the 
micro-damage of the matrix. The increase in the experimentally observed compliance 
therefore finds its origin in the 90° layer. An “apparent” transverse elasticity modulus 
E2d can therefore be calculated by replacing the compliance csth in relation (4.1) by the 
measured compliance cexp and solving for E2d [6 (chapter 3 of this thesis)]. The results for 
the different test temperatures are given in table 4.7. As a reference, the level of 
thermal stress and the “undamaged” transverse elasticity moduli E2 obtained from the 
bending testing of the unidirectional [906c]s beams are given.  
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Test T: (°C) -70 -20 +23 
 (a) (b) (c) (d) (e) 

+70 
 (a) (b) 

Thermal stress 
)(
*,

90
1rtσ (MPa) 56.7 47.2 37.6 26.9 

Transverse elasticity 
modulus (table 4.3) 
E2 (GPa) 

9 8.64 8.2 7.76 

Apparent transverse 
elasticity modulus 
E2d (GPa) 

6.07 6.51 6.94 6.88 5.03 6.92 7.54 7.16 6.78 

rsd (%) 31.3 20.9 23 27.1 39.4 20.6 5.2 15.4 16.1 

∆E2 (%) -32 -24.6 -15.4 -16.1 -38.7 -15.6 -8 -7.7 -12.6 

table 4.7: Apparent transverse modulus E2d results 

 
Obviously, the apparent transverse modulus, E2d, is always less than E2. The relative 
standard deviation tends to increase with increasing residual stress. Although the 
scatter on the results is high, the difference between the two transverse moduli tends to 
increase with increasing residual stress. It can be seen that the higher level of internal 
stresses reached at the lower test temperature increases the amount of assumed micro-
damage, giving rise to the altered properties. As noticed in a previous article [6 (chapter 
3 of this thesis)], the results obtained with the beam specimen cut with the low-pressure 
metallurgical saw (series (e) at 23°C) have a lower scatter. These beams are also the 
least affected by the pre-testing damage mechanism (7.5 GPa compared to 8.2 GPa). 
This suggests that the micro-damage induced by the residual stresses can be initiated at 
the free edges of the beam. This observation will be discussed in more details in a 
subsequent publication [14 (chapter 5 of this thesis)]. 
 

4.4.3.2. Stress at the formation of the first transverse crack 

The crack formation appeared to be unstable for tests at the lowest test temperature and 
most of the tests at 23°C. At 70°C, the crack formation was stable and did not lead to 
any sudden force drop. In most of these cases, it could be observed that the crack 
started to form at one of the edges of the beam. In the case of the cross-ply beams, the 

stress normal to the crack plane is equal to the thermal residual stress )(
*,

90
1rtσ  (relation 

(4.5)) plus the mechanical bending stress )(
*,

90
1bσ  at z = h/2, the outer face of the beam, 

where the crack is most likely to initiate (relation (4.6)). This leads to: 
 

)()(
*,

)(
*,

)(
*, 2h90

1b
90

1rt
90

1ftc σσσ +=  (4.7) 

 
The stresses are evaluated using first E2 and then E2d for the transverse modulus value. 
For the series at 23°C and 70°C, the value of E2d was averaged over the complete 
sample of tested laminates (6.48 MPa and 6.95 MPa respectively). Since it is assumed 
that the apparent modulus reflects the increase in compliance due to the presence of 
micro-damage, it is also used to calculate the residual stress. The results for both 
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thermal and bending stresses using both elasticity moduli are given in table 4.8 as 
averages for the sets of specimens from each plate. 

The resulting total stress at first transverse crack, )(
*,

90
1ftcσ , based on both transverse 

moduli are shown in table 4.9. The row referred to as ∆ )(
*,

90
1ftcσ  relates to the difference 

in total stress when using the standard transverse modulus E2 or the apparent 
transverse modulus E2d. This table also gives the results obtained from the 
unidirectional [906c]s beams. 
 
 
Test T: (°C) -70 -20 +23 

 (a) (b) (c) (d) (e) 
+70 

 (a) (b) 
)(
*,

90
1rtσ  

(with E2) 
57.4 47.3 37.6 26.4 

R
es

id
ua

l 
st

re
ss

 (
M

Pa
) 

)(
*,

90
1rtσ  

(with E2d) 
44.3 37.6 30.4 20.3 

)(
*,

90
1bσ  

(with E2) 
28.5 34.6 31.4 32.6 31 33 33.7 31.3 32 

B
en

di
ng

 
st

re
ss

 (
M

Pa
) 

)(
*,

90
1bσ  

(with E2d) 
21.7 28.5 26.7 28 26.3 28 28.6 29 29.6 

 rsd (%) 20.7 19.4 4.7 17.5 10.7 16.9 11.3 5.6 14.7 

table 4.8:  Residual and bending stresses at the initiation of the first transverse crack in the cross-ply 
specimens. 

 
Test T: (°C) -70 -20 +23 

 (a) (b) (c) (d) (e) 
+70 

 (a) (b) 
)(
*,

90
1ftcσ  91.3 79.5 70.4 58.3 

[9
0 6

c]
s 

rsd (%) 12.7 13.1 9.1 9.4 

)(
*,

90
1ftcσ  

(with E2) 
85.9 81.9 69 70.2 68.6 70.6 71.3 57.7 58.4 

)(
*,

90
1ftcσ  

(with E2d) 
66 66.4 57.1 58.4 56.7 58.4 59 49.2 49.9 

∆ )(
*,

90
1ftcσ  (%) -23 -19 -17 -15 

[9
0 4

c/
0 4

c]
s 

rsd (%) 6.9 8.2 2.1 8.2 5 7.9 5.5 3.1 8 

table 4.9: Total stress at the initiation of the first transverse crack 

 
The detailed results of the stress at first transverse crack are plotted as a function of the 
residual stress in figure 4.6 and 4.7. The average stress at fracture of the unidirectional 
beams at the corresponding temperature is shown in these figures as well. It is worth 
noting that these latter values only correspond to a test temperature, and not to a level 
of residual stress, as ply-to-ply residual stresses are zero in unidirectional laminates. 
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figure 4.6: Axial stress at first transverse crack as a function of the relaxed residual stress 
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figure 4.7: Axial stress at first transverse crack as a function of the relaxed residual stress based on the 

apparent transverse modulus  

 
For both unidirectional and cross-ply lay-up, the stress at the formation of the first 
transverse crack decreases with increasing test temperature. For the unidirectional 
beams, the stress at failure decreases almost linearly from 91 MPa at –70°C to 58 MPa 
at +70°C. Using the apparent transverse modulus E2d instead of the “standard” 
transverse modulus E2 for the cross-ply specimens, clearly leads to a decrease in the 
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predicted stress at failure. As shown in table 4.9, this difference ∆ )(
*,

90
1ftcσ  increases 

with the level of residual stress, from –15% at +70°C to –23% at -70°C. 

4.5. Discussion 
It will be clear that the stress calculated at the initiation of the first transverse crack 
depends on the transverse modulus applied. This difference also shows up in the use of 
a failure criterion. 
The principal stress at the initiation of the crack acts perpendicular to the crack plane, 
and consists of a mechanical and a thermal component. All other stresses are negligible 
when the initiation of the crack is assumed to occur at the beam’s free surface. The use 
of a semi-empirical ‘Mechanics of Material’ approach as a failure criterion is therefore 
limited to the application of a Maximum Stress (or Strain) Criterion for the matrix 
cracking in a [904c/04c]s beam. In our case, a maximum stress criterion compares the 
stress at the occurrence of the first transverse crack in the 90° layer of the cross-ply 

beam, )(
*,

90
1ftcσ , with the critical stress (or strength) at failure of a unidirectional 90° 

beam. In other words, the first transverse crack occurs when: 
 

2,
)90(
*1, cftc σσ ≥  (8) 

 
In [6 (chapter 3 of this thesis)] it was concluded that the use of the tensile strength of a 
unidirectional 90° laminate as the critical stress σc,2 underestimates the occurrence of 
the first transverse crack in the cross-ply beam (the tensile stress was 35MPa [6 (chapter 
3 of this thesis)], whereas the bending stress in the present study ranges from 55 to        
70 MPa). When using the bending strength in the transverse direction (90° laminate) as 
the critical stress, two situations can be distinguished. In the case where the standard 
transverse modulus E2 is used, the Maximum Stress Criterion reasonably applies (see 
figure 4.6). Using the apparent transverse modulus E2d, the occurrence of the first 
transverse crack in the cross-ply beams is overestimated. It can also be observed in 
figure 4.7 that this overestimation increases with the level of residual stresses. Similar 
conclusions concerning the use of the transverse modulus were drawn in an earlier 
paper [6 (chapter 3 of this thesis)], where the beam specimens were tested at 23°C and the 
level of residual stress was varied by using different cross-ply lay-ups. 
 
It is suggested that the lower stress at first transverse crack calculated with the 
apparent elasticity modulus E2d is caused by the presence of micro-damage in the 90° 
layer of the cross-ply specimens. The possibility of the presence of micro-damage 
introduced by residual stresses is supported by micro-mechanical models, which 
consider the stress situation in the matrix around a single fibre loaded transversally. A 
short review of the observations made by several authors on the basis of fibre-matrix 
micro-mechanical models is summarised next. 
 
Abedian and Szyszkowski [15] have shown that the stress situation transverse to a 
fibre can be considered as a 2D plane strain situation when sufficiently far away from 
the specimen edges (beyond a distance of 10 times the fibre diameter from the edges). 



78  Variation of the test temperature 

 

At the edges of the laminate, a 3D model has to be applied. In this case, the axial 
shrinkage of the matrix at the end of the fibre induces a high local radial stress at the 
fibre-matrix interface. It was argued that this stress was sufficient to produce crack 
initiation in a carbon-epoxy system. The model presented in [15] supported 
experimental data by Morris, Inman and Cox [4].  
 
Based on the carbon-polyetherimide composite used in the present study, a 2D plane 
strain model of a fibre embedded in matrix is presented in [5 (chapter 2 of this thesis)]. 
The aim was to support the occurrence of micro-damage or even matrix cracks under 
the presence of residual stress. Since no data on the fibre-matrix interface of the 
carbon-polyetherimide system were available, two extreme situations were studied: 
one with a perfect interface and the other with no interface between the fibre and the 
matrix. The maximum von Mises stress predicted in the matrix near the fibre-matrix 
interface varied between 64 MPa and 122 MPa for respectively a perfect interface and 
no interface. Because the yield stress of the matrix is 105 MPa [16], it was concluded 
that crazes could form in regions of poor fibre-matrix interface. 
 
For the tests performed in the present study, the dependence of the matrix properties 
on the test temperature have been taken into account in further modelling. A similar 
model as in [5 (chapter 2 of this thesis)], where the residual stress situation is considered at 
the beginning of the test, was used with the different test temperatures. The resulting 
von Mises stresses, σvM, for the case when no fibre-matrix interface is assumed are 
given in table 4.10, together with the elasticity modulus, Em, used in the model and the 
yield stress, σmy, of the polyetherimide matrix [16]. The results show that the increase 
in von Mises stress with decreasing test temperature goes together with the increase in 
yield stress of the matrix. This reflects the global increase in strength with decreasing 
temperature shown in figure 4.6 and 4.7. Furthermore, the last row of table 4.10 shows 
that the ratio between the maximum von Mises stress and the yield stress of the matrix 
σvM/σmy increasingly exceeds unity with decrease in temperature, thus increasing the 
probability of crazing and micro-damage.  
 
Test T: (°C) -70 -20 +23 +70 

PEI elasticity modulus 
Em (GPa) [16] 

3.5 3.28 3 2.55 

PEI yield stress 
σmy (MPa) [16] 162 134 105 83 

Max von Mises stress 
σvM (MPa) 

210 162 122 78 

∆ σvM/σmy (%) +29 +21 +16 -6 

table 4.10: Maximum von Mises stress calculated in a micro-
mechanical fibre-matrix model. 
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4.6. Conclusion 
In this paper the influence of the level of ply-to-ply thermal residual stresses on the 
transverse cracking of cross-ply [904/04]s carbon-polyetherimide laminated beams 
subjected to bending has been considered. The different levels of residual stresses were 
obtained in the current work by varying the test temperature (-70°C, -20°C, 23°C, 
70°C).  
Several observations can be made on the basis of the results obtained.  
 
The ratio between the theoretical and the experimental bending compliance of the 
cross-ply beam specimens before the occurrence of the first transverse crack tends to 
decrease with increasing residual stress. It is argued that this difference is due to the 
formation of micro-damage on a fibre-matrix scale, which can be interpreted by use of 
an apparent transverse modulus E2d derived from the bending measurement. 
 
The stress at the occurrence of the first transverse crack consists of the residual stress 
and the bending stress. It was observed that this stress increases with decreasing 
temperature and therefore with increasing residual stress. Part of this increase is clearly 
due to the dependence of the temperature on the composite properties, in a direction 
perpendicular to the fibres. Furthermore, a difference in the calculated stress at failure 
of up to 23% at the lowest test temperature is obtained when using the apparent 
transverse modulus E2d for the calculation, instead of the transverse modulus E2 
measured from the unidirectional specimens. 
 
The choice of a transverse modulus value used has consequences for the application of 
a strength-based failure criterion. The criterion (using the strength of a unidirectional 
beam as a reference) applies for the structure considered when using the transverse 
modulus as measured on a unidirectional beam. When using the apparent modulus, the 
criterion predicts the occurrence of the first crack at a lower stress level. It is worth 
adding that this reduction increases with increasing thermal stress. Hence the 
probability of micro-damage formation in the matrix increases as the temperature is 
decreased and the residual stress increases. 
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Chapter 5 

 

On the effect of thermal residual stresses on the transverse 
cracking of carbon-polyetherimide composite plates loaded 
transversally 
 
 

5.1. Introduction 
Transverse cracking is generally recognised as the first damage mechanism occurring 
in a composite laminated structure subjected to impact loading [1,2,3]. These cracks 
run parallel to the fibres through the layer thickness. Their formation is mostly not 
dramatic for the integrity of the structure. However, they will affect the thermo-
mechanical properties of the structure [4,5] and provide open paths for environmental 
degradation [6]. Transverse cracking will furthermore act as a trigger for further 
damage mechanisms like delamination [3,7].  
 
Warnet, Reed and Akkerman [8,9 (chapters 3 and 4 of this thesis)] have published on the 
effects of thermal residual stress on transverse cracking in carbon reinforced 
thermoplastic laminated beams ([904/04]s) subjected to three-point bending. They 
varied the level of residual stress by (a) changing the lay-up of the laminated beam [8 
(chapter 3 of this thesis)] and (b) the test temperature [9 (chapter 4 of this thesis)]. They 
argued that a residual stress threshold level exists for the carbon-polyetherimide 
system examined, above which micro-damage is induced on a fibre-matrix scale, even 
before any mechanical loading is applied. The effect of such thermal stress induced 
damage was noticed in the measured increase in bending compliance of the laminated 
beam, before the formation of the first transverse crack and in the decrease in applied 
stress required for the formation of the first crack. An important question remaining 
was the effect of the beam free edges on the behaviour noticed. It was shown 
experimentally by Morris, Inman and Cox [10] that stress concentrations due to 
thermal stresses acting on the fibre-matrix interface at the edge of a specimen can lead 
to local micro-cracking at the fibre-matrix interface. This edge effect is restricted to the 
fibre-matrix interaction within a layer. It differs from the edge effect usually 
mentioned in the literature [11,12], which deals with macroscopic interlaminar shear 
and out-of-plane stresses in multi-layer laminates loaded under tension. 
 
This study concerns the influence of the specimen edges at the formation of the first 
transverse crack. For this purpose, two different geometries were tested under quasi-
static loading conditions, namely, (a) square laminated plates on a circular support 
loaded centrally by a spherical indenter and (b) laminated beams subjected to three-
point bending loading. An obvious reason for the choice of the plate geometry is that 
the transverse crack initiates under the central load, far from the plate edges. The 
carbon-polyetherimide material was used, as in the previous studies [8,9,13 (chapters 3, 
4 and 2 of this thesis)]. Two lay-ups were used for studying the influence of ply-to-ply 
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thermal residual stresses, unidirectional transverse [906]s and cross-ply [904/04]s. The 
90° layer was chosen as the free-surface layer to facilitate the detection of  the 
formation of the transverse crack with optical techniques. The effect of matrix rich 
zones at the free surface of the specimens on the cracking behaviour was also 
considered. 
The experimental program is first described for both geometries, including the material 
characterisation and the stress analysis. The results on the measurements of the 
compliance before cracking and the stress at the formation of the first transverse crack 
are then presented. The last section discusses the experimental results obtained. 

5.2. Experimental program. 

5.2.1. Specimen preparation. 

The laminates were pressed from polyetherimide (GE Ultem1000)-carbon (Toray 
T300) unidirectional prepreg manufactured by Ten Cate Advanced Composites.  
The batch used for the present study differs from the one used for the previous studies 
by the present authors [8,9,13], but has the same specifications. This prepreg has a 41 
% matrix mass fraction, the fibre distribution is not homogeneous and also shows a 
clear matrix rich zone in the thickness direction. Some attention is therefore required 
to the location of the matrix-rich layer when building up the laminate. This is 
illustrated in figure 5.1 and 5.2 with unidirectional laminates built up from 4 layers. 
The cross-section of the laminate in figure 5.1-a shows that the matrix rich zone of 
each prepreg layer is laid up towards the free surface of the laminate. The result is 
shown in a micrograph of the first layer of the resulting laminate in figure 5.1-b. The 
subscript ‘M’ in the lay-up classification (e.g. [02M]s) stands for ‘matrix rich zone 
oriented outwards’. Similarly, figure 5.2 shows prepreg layers whose matrix rich zones 
are oriented towards the inside of the laminate. A subscript ‘F’ is used in the lay-up 
classification in this case and stands for the ‘fibre rich zone oriented outwards’. 
 

T
op layer

M
atrix rich zone

(a) (b)  
figure 5.1:  (a): Schematic representation of a [02M]s unidirectional laminate cross-section, showing 

the matrix rich zone oriented outwards for each prepreg layer. (b): local micrograph of the 
top layer of a [02M]s unidirectional laminate 

 
The influence of this through thickness fibre distribution on the transverse cracking 
behaviour was also evaluated in this study. Since the through thickness distribution of 



Chapter 5  83 

 

the fibres will influence the flexural rigidity of the beam or plate, the bending moduli 
of unidirectional beam specimens were measured in both the fibre direction (E1) and 
transverse to the fibres (E2). For this purpose, [06F]s, [06M]s, [906F]s and [906M]s beams 
(50 mm x 12 mm x 2 mm) were cut from two laminates. The bending test set-up used 
for these tests is described in sub-section 5.2.2. 
 

T
op layer

M
atrix rich zone

(a) (b)  
figure 5.2: (a): Schematic representation of a [02F]s unidirectional laminate cross-section, showing the 

matrix rich zone oriented inwards for each prepreg layer. (b): local micrograph of the top 
layer of a [02M]s unidirectional laminate 

 
The bending modulus is calculated using beam theory. In its simplest form, the 
formulae based on the measured compliance cexp (inverse slope of the force-
displacement response) reduces to: 
 

Ic48

L
E

3

exp

=  (5.1) 

 
where L is the span, I the second moment of inertia (bh3/12), b the beam width and h 
its total thickness. In the case of the [906]s beam specimens, shear deflection is 
negligible. Shear deflection needs to be taken into account for the [06]s beams. 
Assuming that the relation for the deflection of an isotropic beam with shear term 
given by Gere and Timoshenko [14] can be applied to a unidirectional beam 
considered transversally isotropic, the expression for the longitudinal modulus E1 can 
be written as: 
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 (5.2) 

 
where A is the cross-sectional area of the specimen and G13 the through thickness shear 
modulus. In the case of the [06]s beams and assuming transversal isotropy, G13 is equal 
to G12. 
 
The results for each type of beam are given in table 5.1. All quoted values are all 
averages based on 8 specimens and are followed by the relative standard deviation in 
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percent. The results of table 5.1 show that the effect of the through thickness fibre 
distribution is negligible for the flexural rigidity of the [906]s beams (from 8.1 to          
8.2 GPa). It accounts for a 4 % difference in the case of the [06]s beams (from 113 to 
117 GPa). This is due to the greater difference in elasticity modulus between the fibre 
and the matrix in the longitudinal direction (230 GPa compared to 3 GPa) than in the 
transverse direction (14 GPa compared to 3 GPa). 
 
 

Property: E1 (GPa) E2 (GPa) 

Matrix-rich zone outwards ‘M’ 112.9 8.1 
rsd (%) 1.4 1.7 

Fibre-rich zone outwards ‘F’ 117.2 8.2 
rsd (%) 1 1.8 

table 5.1:  Unidirectional layer bending modulus, using both types 
of through thickness fibre distributions as described in 
figure 5.1 and 2. 

 
Other useful thermo-mechanical properties like the shear modulus G12, the coefficients 
of thermal expansion along the fibre (α1) and transverse to the fibre (α2) are assumed 
to be independent of the through thickness fibre distribution. These are in-plane 
properties and, like the tensile elasticity moduli, only depend on the average through 
thickness matrix fraction, which is assumed constant over the laminate as a first 
approximation. Here literature values [15] were used as summarised in table 5.2. 
 
 

Property: G12 (GPa) ν12 ν23 α1 (/oC) α2 (/oC) 

 3.5 0.32 0.45 1x10-6 32x10-6 

table 5.2:  Thermo-mechanical properties of continuous carbon fibre 
reinforced polyetherimide [15]. 

 
The 250 mm x 250 mm laminates were consolidated by compression moulding 
according to the procedure described in previous papers [8,9 (chapters 3 and 4 of this 
thesis)]. The matrix content of the resulting carbon-PEI laminates was measured using a 
Soxhlet system with chloroform as the matrix solvent. An average of 41.4 % mass 
matrix fraction (relative standard deviation 2.3 %) was obtained, based on 12 coupons 
extracted from the bending modulus specimens just mentioned. The average ply 
thickness was 0.169mm (relative standard deviation 2.9 %).  
 
Both beam and plate specimens were cut with a water-cooled diamond saw. The beam 
and plate specimens were taken from different places in the laminate in order to 
represent as wide a population as possible within one plate. It was found that the 
rotating cutting disk induced local delaminations at the free surface of the laminate on 
the trailing edge. This is illustrated in figure 5.3-a, where the rotating diamond disk is 
shown, together with the translating support and the laminate being sawn.  
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Trailing edge

Diamond saw

Support

Laminate

Front viewSide view

(a) (b)

Leading edge

 
figure 5.3: (a): Sawing set-up. (b): close-up of the unsupported beam free surface 

A magnified view of the laminate being sawn in figure 5.3-b shows that a part of the 
free surface of the laminate is unsupported and loaded under transverse traction by the 
saw (trailing edge). This is where local delaminations can occur. An example of such a 
delamination is shown in figure 5.4. 
 
No visual defects could be detected on the opposite free surface, which is loaded in 
transverse compression by the rotating saw (leading edge). It is to be expected that the 
development of the transverse cracking during testing will be influenced by the 
presence of such delaminations: the formation of the transverse crack could be 
triggered earlier by the presence of such a defect. A distinction will therefore be made 
between the two types of specimens, which will be tested so that transverse cracking 
either occurs at the sawing trailing edge or at the sawing leading edge. This distinction 
does not apply to the plate specimen, where the transverse cracking occurs well away 
from the sawn edges. The specimens of one of the beam series, the unidirectional 
beams with the fibre rich zone oriented outwards [906F]s, were sawn with a low-
pressure metallurgical carbon saw, leading to no visible delaminations on the trailing 
edge and a smooth sawn surface. The aim was to reduce the damage induced by 
sawing to a minimum. 
 

1 mm

Beam edge

Edge delamination

 
figure 5.4: Example of edge delamination induced by the sawing 
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For convenience of the reader, the test variables are summarised here, together with 
the codes used in the rest of this paper.  
 
Geometry:   Beam (B) or plate (P). 
 
Lay-up:   Unidirectional (UD) [906]s or Cross-ply (CP) [904/04]s. 
 
Way of laying up: With matrix rich zone towards the specimen free surface (M) or 

with the matrix rich zone oriented inwards, which means that a 
fibre rich zone is situated at the free surface (F). 

 
Testing side: For the beams only, relates to the free-surface edge damage 

induced by sawing: the damaged side can be oriented downwards 
during testing, i.e. on the side where transverse cracking occurs, 
or upwards, on the opposite side to where transverse cracking 
occurs. The [906F]s specimens which were to be tested with the 
damaged side upwards were sawn with a low pressure 
metallurgical saw. 

 
A minimum of eight specimens per type of condition were tested.  
The cut specimens were conditioned at 23oC and 50 % relative humidity until testing. 
The tests were performed 240 hours after fabrication in connection with the relaxation 
of the thermal residual stresses [13], as will be summarised in section 5.2.2.2. 
 

5.2.2. Beam bend test 

5.2.2.1. Set-up 

All beam bending experiments were performed on a screw driven Zwick testing 
machine fitted with a three point bend set-up, at a constant cross-head velocity of     
0.5 mm/min. This corresponds to a strain rate at the bottom of the beam of 2.4x10-4 /s 
for the 16 layer cross-ply beam. The experimental method adopted for beam testing is 
as used previously [8 (chapter 3 of this thesis)] and is shown schematically in figure 5.5-a. 
The span, L, used was 30.2 mm, with 7 mm diameter cylindrical fixed supports and a 
9.5 mm diameter cylindrical loading nose. The beams were approximately 50 mm long 
and nominally 12 mm wide (b), the precise width being measured for each specimen.  
 
The force was monitored in order to determine the stress at the formation of the first 
transverse crack. The beam deflection was recorded in order to calculate the beam 
compliance. The deflection of the beam was measured with an inductive displacement 
gauge (Mahr Pupitron) with a sensitivity of 0.06 mm/V. The transducer measured the 
deflection at the bottom side of the beam, directly under the loading nose main axis. 
Local measurement of the deflection under the beam avoids the need to correct for the 
indentation of the loading nose on the beam. It was also shown previously [8 (chapter 3 
of this thesis)] that the indentation on the beam at the supports was negligible and could 
be ignored. 
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figure 5.5: (a): Three point bending set-up. (b) Close-up around the transverse crack. 

 
The data required for the analysis are the force, the deflection and the horizontal 
distance d (figure 5.5-b) between the crack plane and the vertical axis through the 
loading nose. In the case of the unidirectional [906]s beams, the crack grows in an 
unstable way through the whole depth of the beam and with clear audible acoustic 
emission. The determination of the force and displacement values at the occurrence of 
the first transverse crack in the unidirectional beam is therefore straightforward, as it 
coincides with the force dropping suddenly to zero, as shown in figure 5.6.  
 
For the cross-ply beams, a force drop mostly occurs when the first transverse crack 
forms, which corresponds with a sudden and unstable crack growth. The crack covers 
the full width of the beam, but is stopped at the central 0° layer in the thickness 
direction. The force then increases further until a second crack occurs. A typical 
example of such a force-displacement response coded “unstable cross-ply” is shown in 
the figure 5.6. In some cases however, the crack growth was stable and no force drop 
was noticeable, as shown in a typical force-displacement response coded “stable cross-
ply” and where crack initiation is marked by a circle. In this case, the crack initiation 
cannot be detected by a sudden decrease in the force and optical techniques were used. 
 
The detection of the transverse crack was facilitated by the cross-ply lay-up used with 
the 90° layer as the outer ply. Crack growth was therefore recorded using a CCD 
camera connected to a time-coded video recorder. As sketched in figure 5.5, the 
recording occurred through an optical mirror placed under the beam. Analysis of the 
video record after testing permitted the measurement of the longitudinal distance, d, 
between the resulting transverse crack plane and the loading nose axis. An X-Y table 
fitted with a travelling microscope was used for this purpose. 



88  Variation of the laminate geometry 

 

0

50

100

150

200

250

300

350

0.0 0.2 0.4 0.6 0.8 1.0

Deflection (mm)

Fo
rc

e 
(N

)

unstable cross-ply stable cross-ply unidirectional crack initiation
 

figure 5.6: Typical force-displacement response of 2 cross-ply beams and a unidirectional beam 

 

5.2.2.2. Analysis 

• Compliance 

The experimental beam compliance, cexp, before the first transverse crack is compared 
with an analytical solution, csth. In an earlier publication [8 (chapter 3 of this thesis)], an 
expression taking into account the effect of through thickness shear was developed for 
the case of a simply supported cross-ply beam of span L: 
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where h is the total beam thickness, γ is a thickness related dimensionless coefficient 
defined as t0/h, t0 and t90 being the 0° layer and 90° layer thickness respectively, as 
defined in figure 5.5-b. G13 and G23 are the out-of-plane shear moduli. The material is 
assumed transversally isotropic and therefore: 

)1(2
;

23

2
231213 ν+

== E
GGG  

where ν23 is the transverse out-of-plane Poisson’s ratio. In the case of the 
unidirectional [906]s laminates, equation (3) reduces to the well-known form given in 
Gere and Timoshenko [14]: 
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where A is the beam cross-sectional area and only G23 is required. 
 
The transverse cracking process is basically a Mode I failure. This failure mode is 
induced by the bending stress and the interlaminar residual thermal stress in the case of 
the cross-ply lay-up. Although it is recognised that the growth of a transverse crack in 
a beam is a two-dimensional process [16] (i.e. the crack grows in both the thickness 
and the width direction), it will be assumed that the crack grows essentially through 
the thickness as a first approximation. Assuming transversal isotropy, a calculation of 
the stress component normal to the crack plane due to the residual stresses          
(figure 5.7-a) and to the bending moment (figure 5.7-b) will be developed next. 
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figure 5.7: Axial stresses in a [904/04]s laminate due to (a): solidification, (b): bending moment 

 

• Thermal residual stresses 

The mechanisms and quantification of thermal stress build up during solidification of 
the laminate have been discussed in previous publications [8,13 (chapters 3 and 2 of this 
thesis)].  
Residual stresses on a fibre-matrix scale (microscopic scale) form as a consequence of 
the difference in coefficients of thermal expansion of the matrix (56.10-6 /oC) and the 
carbon fibre (-1.10-6 /oC). A unidirectional composite layer can be assumed 
transversally isotropic in both mechanical and thermal properties, these properties 
being determined experimentally. Fabrication of a laminate from unidirectional 
composite layers having different orientations results in residual stresses on an 
interlaminar scale (macroscopic scale), due to the restricted thermal contractions of the 
individual plies. These stresses are computed considering the properties of the 
transversally isotropic layers and not the individual properties of the fibre and matrix.  
 
Equations to calculate the interlaminar residual stresses on the macroscopic scale were 
previously developed [13 (chapter 2 of this thesis)], based on classical lamination theory 
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(CLT) [17]. These equations will be used in the present work and are reproduced here 

for convenience. The residual stress, )(
,
90
1rσ , in the 90° layer of a cross-ply [904c/04c]s 

laminate is given by: 
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where ),(
*

900
ijQ  are the components of the reduced stiffness matrix of the 0o or the 90o 

layer in the laminate coordinate system. Aij contains the components of the laminate 

stiffness matrix and T
iN  the thermal forces components due to the temperature change. 

The factor ψ is around 1.01 for unidirectional layers, and is taken equal to unity for 
simplicity. 

Using the CLT gives a value )(
,
90
1rσ  of 43.5 MPa for a cross-ply [904c/04c]s with the 

thermo-mechanical properties of table 5.2 and a temperature difference ∆T of -192°C 
(i.e. cooling from the glass transition of the matrix 215°C to 23°C). This level of 
internal stresses was measured on the same laminate system by Eijpe [15]. 
 
Between manufacturing and testing, stress relaxation occurs as a result of the 
viscoelastic properties of the matrix, which controls the behaviour of the 90° layer. 
Measurements aimed at evaluating the relaxation of the system used at 23°C were 
presented in a previous publication [13 (chapter 2 of this thesis)]. A model was also 
developed to predict stress relaxation, which used the manufacturer’s polyetherimide 
creep data and the linear-elastic properties of the carbon fibre. The experiments 
showed a 24 % decrease in stress for a [904c/04c]s cross-ply laminate after 240 hours. In 
contrast, the model predicted only a 13 % decrease over the same period. The 
observation of time dependent matrix cracking during the relaxation testing led to the 
conclusion that the relaxation was not only the result of the viscoelastic effects. The 
presence of matrix cracks (or micro cracks) decreases the macroscopic stiffness of the 
90° layer [4] and therefore contributes to the decrease in residual stress. As in the 
previous two papers [8,9 (chapters 3 and 4 of this thesis)], it is proposed to use the micro-
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mechanical model developed in [13] in order to account for the viscoelasticity induced 
relaxation. A reduction factor, fv, reflects the relaxation of the residual stress. The 

relaxed residual stress )(
*,

90
1rrσ  in the 90° layer is defined as:  
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The factor fv is dependent on both the time and the initial level of residual stresses. 
After an arbitrary time of 240 hours chosen to obtain a pseudo-stable state of known 
residual stress in the test specimen, the factor vf , is equal to 0.865 (corresponding to 
the 13.5 % reduction). This brings the initial 43.5 MPa calculated earlier down to   
37.6 MPa at the moment of testing. 
 

• Bending stresses 

A relation for the bending stress at the bottom of the 90° layer of the [904c/04c]s 
laminated beam (figure 5.7-b) is obtained from simple beam theory [14]: 
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where h is the total beam thickness, and d the longitudinal distance between the 
transverse crack plane and the loading vertical axis as sketched in figure 5.5-b. This 
distance is necessary to calculate the actual bending stress where the crack forms, since 
the bending moment is not constant over the length of the beam. 
 

5.2.3. Plate bend test 

5.2.3.1. Set-up 

The plate bend test used the same Zwick test machine as for the beam bend test. The 
plates used were 50 mm square and simply supported on a circular support having a    
40 mm diameter. A 10 mm diameter sphere was used as the loading nose. The test 
arrangement is shown as a partial view in figure 5.8-a with a unidirectional specimen 
under test. 
 
The same inductive displacement gauge as in the beam test was used for the 
measurement of the central deflection of the plate. The plate deflection was measured 
under the plate, through the vertical axis of the loading nose. Detection of the first 
transverse crack initiation was recorded with the camera and video recorder as used in 
the beam testing.  
 

5.2.3.2. Analysis 

In the case of the beam specimens, the stresses normal to the crack plane at its 
formation can be assumed uniform over its width. In the case of the transverse crack 
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growing in the plate loaded centrally, the stress at the point of initiation of the crack 
depends on (i) the distance between the crack plane and the loading nose y-axis, dx, 
and (ii) the in-plane distance, dy, between the initiation point and the loading nose x-
axis, as defined on figure 5.8-b. Analysis of the video recording for any test for the 
point of crack initiation provided values for dx and dy. 

 

figure 5.8: (a): cut view of the plate bending set-up; (b): Distances for the characterisation of the 
transverse crack. 

 
A FEM ANSYS model was used to calculate the stress normal to the crack plane (i.e. 
mechanical plus residual stress in the case of the cross-ply lay-up) at the point of 
initiation of the first transverse crack. The geometry modelled was a square plate on a 
circular support of radius r. Advantage was taken of the symmetry planes in the 
geometry, which reduced the problem to the quarter plate modelling shown in      
figure 5.9.  
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figure 5.9:  F.E.M. quarter plate geometry for calculating the stresses at the initiation of the transverse 

crack. 

Preliminary calculations showed that it was necessary to include consideration of the 
material beyond the support radius for its ‘stiffening effect’. Modelling the central 
circular geometry alone would mean a 6 % higher compliance compared to the full 
square plate. 
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Eight-noded solid elements were used with the mesh shown in figure 5.9. A single 
layer of elements per ply was chosen, as well as refined meshing around the centre of 
the plate. Beside the symmetry conditions, the boundary conditions at the support 
radius r were set to constrain the translation only in the z-direction. The model was 
loaded by imposing a deflection to a 10 mm diameter sphere in several substeps. The 
loading sphere was built up of shell elements (with steel properties) and connected to 
the plate by contact elements. 
 
A temperature loading ( Ti

T
i ∆= αε  for i=1,2,3) was also applied to the whole mesh, in 

order to account for the residual stresses. As for the beam specimen, it is assumed that 
residual stress relaxation occurs on a ply-to-ply scale between fabrication and testing. 
The 13 % stress relaxation of the cross-ply laminates, 240 hours after fabrication, was 
applied to the FE model by decreasing the thermal loading from ∆T = -192°C (from   
Tg = 215°C to room temperature 23°C) to -165°C.  
 
Solving the model provides a reaction force and a set of nodal stresses for each 
substep. A linear interpolation of the stresses was then used to obtain the set of stresses 
corresponding to the experimental load at the initiation of the first transverse crack. 
Figure 5.10 shows the results of the modelling for a substep corresponding to an 
average measured displacement at the point of initiation of the first transverse crack of 
an unidirectional plate. The variation of the stress, σx, perpendicular to the crack plane 
at the plate free-surface is plotted for points with different values of distance dx, from 
the y-axis and distance dy, form the x-axis, as defined in figure 5.8 (b). Clearly, the 
highest stress occurs at the central point. The variation of stress with dx for the cross-
ply plates shows a similar trend as for the unidirectional plates. 
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figure 5.10:  Variation of the stress perpendicular to the crack plane at the plate free-surface as a 

function of the in-plane distances from the vertical loading nose axis in a 
unidirectional plate (see also figure 5.8-b). 
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5.3. Results 

5.3.1. Beam specimens 

5.3.1.1. Compliance 

In the first instance, the numerical results concern the compliance of the beam before 
the formation of the first transverse crack. The experimental compliance, cexp, is 
obtained from the inverse slope of the force-deflection response before the occurrence 
of the first transverse crack. Averages for the different specimen conditions are given 
in table 5.3 for the unidirectional specimens and in table 5.4 for the cross-ply 
specimens. The row titled “Testing side” relates to the laminate orientation during 
testing, i.e. whether the beam with edge damaged by the sawing is oriented downwards 
(where transverse cracking occurs) or upwards. The penultimate row in each table 
shows the ratio of the theoretical compliance, csth, to the experimental compliance. The 
quoted relative standard deviation is associated with this ratio. For the cross-ply 
specimens, the third column in table 5.4 also shows earlier published results [8 (chapter 
3 of this thesis)], obtained with bend tests on specimens with the fibre rich layer oriented 
outwards and the beam damaged edge was oriented upwards during testing. 
 
 

Lay-up: [906F]s [906M]s 

Testing side: Damaged edge 
down 

Damaged edge 
up 

Damaged edge 
down 

Damaged edge 
up 

Average experimental 
compliance 

∑
=

n

1i

i
n
1 c )(

exp (x10-6 m/N) 
8.36 8.57 8.8 8.78 

Average ratio 
theoretical/experimental 
compliance 

∑
=

n

1i
i

i
sth

n
1

c

c
)(

exp

)(

 

1.02 1.01 1 1.01 

rsd (%) 1.9 2.6 2.5 2 

table 5.3: Bending compliance of the unidirectional beam specimens. 

 
The results on the unidirectional specimens show that there is no relevant difference 
between the two types of lay-up considered (fibre [906F]s or matrix-rich [906M]s on the 
outer surface). This was expected, as it was shown in table 5.1 that the influence of the 
through thickness fibre concentration on the transverse elasticity modulus E2 was 
negligible. Table 5.3 also shows that the sawing trailing edge induced damage has no 
influence on the compliance. Even the [906F]s specimens, which were prepared in order 
to minimise edge damage (by the use of a low-pressure carbon saw), do not behave 
differently. 
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Lay-up: [904F/04F]s [904M/04M]s 

Testing side: Damaged edge 
down 

Damaged edge 
up 

Damaged edge 
up [8] 

Damaged edge 
down 

Damaged edge 
up 

Number of specimens n 8 8 42 8 8 
Average experimental 
compliance 

∑
=

n

1i

i
n
1 c )(

exp (x10-6 m/N) 
1.63 1.6 1.9 1.64 1.7 

Average ratio 
theoretical/experimental 
compliance 

∑
=

n

1i
i

i
sth

n
1

c

c
)(

exp

)(

 

0.97 0.97 0.92 0.97 0.97 

rsd (%) 2.7 2.5 8.1 3.2 2.7 

table 5.4: Bending compliance of the cross-ply beam specimens. 

 
Similarly, the ratio between the theoretical and the experimental compliance for the 
cross-ply specimens (table 5.4) is not influenced by the way the prepreg is layed-up 
with fibre or matrix-rich zones, as long as the correct longitudinal elasticity modulus 
value, E1, is used for the calculation of the analytical compliance (see table 5.1 for 
respective values). The orientation of the damaged edge again does not influence the 
compliance ratio either. It is worth noting that for the current tests, the ratio of 
theoretical to experimental compliance is close to unity (within 3 %), and the relative 
standard deviation is low. The csth/cexp ratio obtained from earlier published 
measurements [8 (chapter 3 of this thesis)] shown in the third column of table 5.4 is 
significantly lower than unity. In the previous study, 42 specimens were cut from five 
different laminates, and this led to an average ratio between the theoretical and the 
experimental compliance of 0.92, with average values from specimens cut from the 
single laminates varying from 0.87 to 0.97. It was argued in the corresponding paper 
[8] that the ratio of 0.92, which is significantly lower than unity, reflects the presence 
of micro-damage on a fibre-matrix level, which in turn is responsible for the stiffness 
reduction of the beam. The current csth/cexp ratio of 0.97 would suggest that less micro-
damage is present in the current batch used, although this value is still within the 
results obtained in the previous study.  
Assuming that the micro-damage is uniformly distributed over the laminate and will 
only affect the properties transverse to the fibres, an ‘apparent’ transverse elasticity 
modulus E2d was defined from the previous set of results and was evaluated from the 
experimental results. Such an apparent transverse modulus is not defined for the 
current set of results, since the average csth/cexp ratios are close to unity. 
 

5.3.1.2. Stress at the formation of the first transverse crack 

Two distinctive cracking mechanisms were observed during the current experiments. 
Cracks on the specimens with fibre rich zone oriented outwards (coded ‘F’) initiated 
on one of the edges and their growth was generally stable. No force drop could be 
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detected on the force-displacement response at crack formation (see figure 5.6). In the 
case of the cross-ply specimens, the moment and the place where the crack initiated 
could clearly be distinguished using the video equipment described earlier. The growth 
through the whole 90° layer cross-section was sometimes finalised with some energy 
release, characterised by a force drop.  
 
For specimens having the matrix rich layer oriented outwards (coded ‘M’), the crack 
growth was mostly unstable and was associated with a force drop on the force-
displacement response. It is worth noting that the crack growth was only stable and 
initiated in the middle of the beam’s free-surface for 4 of the 16 M-coded beams.  
 
The distinction in cracking behaviour was also noticeable for the unidirectional beams, 
although in both cases the force dropped to zero when cracking occurs and therefore 
meant the complete fracture of the specimen. For the unidirectional beams having a 
concentration of matrix near the free-surface (coded ‘M’), transverse cracking was 
generally associated with a large energy release, corresponding to the sudden growth 
of the crack across the whole specimen cross-section. For the unidirectional specimens 
having a concentration of fibres near the free surface, the crack did not grow through 
the whole cross-section and left a type of hinge, meaning that less energy was released 
at the initiation of the crack. 
 
The observations on the difference of failure modes depending on the fibre or matrix-
rich layer orientation are reflected in the numerical results on the axial stress at the 
initiation of the transverse crack. As for the compliance results, two result tables are 
presented, table 5.5 for the unidirectional and table 5.6 for the cross-ply beams. In both 
tables, the results obtained from earlier measurements [8 (chapter 3 of this thesis)] are 
reproduced in the third column, where all bend tests were performed on specimens 
with the fibre rich layer oriented outwards and the damaged edge oriented upwards 
during testing.  
 
 

Lay-up: [906F]s [906M]s 

Testing condition: Damaged edge 
down 

low press saw Damaged edge 
up [8] 

Damaged edge 
down 

Damaged edge 
up 

Number of specimens n 8 8 10 8 8 
)(
*,

90
1ftcσ  (MPa) 74.8 75.9 70.4 90 86.6 

rsd (%) 7.8 14.3 9.1 5.7 5 

table 5.5: Stress at the initiation of the first transverse crack of the unidirectional beam specimens. 

 
The stress reached at the formation of the first transverse crack in unidirectional beam 
specimens is clearly influenced by the through-thickness fibre distribution. The 
specimens having a matrix rich layer at the free surface (code ‘M’) fail at an average 
stress varying between 86.6 and 90 MPa depending on the sawing conditions, 
compared to stresses between 74.8 and 75.9 MPa in the case when a fibre rich zone is 
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present at the free surface. Also the scatter is fairly low for the specimens with matrix-
rich layer oriented outwards.  
 
Table 5 shows that the sawing induced damage has little effect on the stress at failure. 
The [906F]s specimens sawn with a low-pressure saw are only slightly stronger on 
average than those cut with diamond saw, with damaged edge down, but the scatter is 
also noticeably higher. For specimens having the matrix-rich zone on the free surface, 
the specimens which crack on the sawing induced damage side (damaged side down) 
are even slightly stronger than those without damage. As shown in the third column, 
the results of the series having the fibre-rich zone oriented outwards compare 
reasonably well with earlier published measurements [8 (chapter 3 of this thesis)]. 
 
The results in table 5.6 concern the cross-ply beams. Compared to the results reported 
on the unidirectional beams, the stress at the formation of the first transverse crack is 
lower. However, no significant difference was found in the failure stress between the 
two types of through thickness fibre distribution. Once again, no significant difference 
was observed in the fracture stress for specimens tested with either the damaged edge 
oriented upwards or downwards during testing. Hence any damage induced by sawing 
did hardly affect significantly the formation of the crack. 
 
 
Lay-up: [904F/04F]s [904M/04M]s 

Testing condition: Damaged edge 
down 

Damaged edge 
up 

Damaged edge up 
[8] 

Damaged edge 
down 

Damaged edge 
up 

Number of specimens n 8 8 42 8 8 
)(
*,

90
1ftcσ  (MPa) 64.3 64.9 69.8a 57.7a 62.1 65.6 

rsd (%) 5.3 6.5 6.1 7.9 9.5 

table 5.6: Stress at the initiation of the first transverse crack of the cross-ply beam specimens.          
a: depending on the transverse modulus used [8]. 

 
Two values for the stress at first transverse crack reproduced from earlier published 
measurements [8] are reported in table 5.6 (column 3). The first value of 69.8 MPa 
was calculated using the elasticity modulus, E2, measured with the [906F]s as given in     
table 1. The second value of 57.7 MPa was calculated with the apparent transverse 
modulus E2d, as defined from the compliance ratio csth/cexp (see subsection 5.3.1.1). 
 

5.3.2. Plate specimens 

5.3.2.1. Compliance 

As for the beam specimens, numerical results concerning the plate tests include the 
comparison between the experimental and the theoretical compliance and the stress at 
the initiation of the first transverse crack.  
 
The compliance results in table 5.7 show that, for both unidirectional and cross-ply 
beams, the finite element model theoretical value csth is up to 14 % stiffer than the 
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experimentally measured values. The fact that this difference applies for the plate 
specimens and for both lay-ups, i.e. with or without ply-to-ply residual stresses, 
indicates that the difference is not due to micro-damage induced by residual stresses as 
observed earlier for the beam specimens [8 (chapter 3 of this thesis)]. Some effects 
contributing to the stiffness overestimation of the model can be found in the definition 
of the FE model but do not fully account for the difference. Simulation with 
geometrically non-linear elements reduces the stiffness by only three percent. Worth 
noting is that the analysis of the reaction nodal forces along the support circle of the 
FE model indicates that the plate lifts from the supports during testing, i.e. the plate 
does not make full contact over the whole perimeter of the support. The boundary 
conditions defined for the FEM model constrain the corresponding nodes to a zero 
vertical displacement and therefore artificially stiffen the plate. However, releasing 
these nodes only decreases the stiffness by a further two percent. Hence errors in the 
order of 5 % in the theoretically determined compliance have been identified. 
 
 

Lay-up: [906F]s [906M]s [904F/04F]s [904M/04M]s 

Average experimental 
compliance 

∑
=

n

1i

i
n
1 c )(

exp (x10-6 m/N) 
0.94 0.86 0.43 0.43 

Average ratio 
theoretical/experimental 
compliance 

∑
=

n

1i
i

i
sth

n
1

c

c
)(

exp

)(

 

0.88 0.87 0.86 0.87 

rsd (%) 3.2 4 2.5 2.7 

table 5.7: Bending compliance of the plate specimens. 

 

5.3.2.2. Stress at the formation of the first transverse crack 

The transverse cracking behaviour in the plate specimens was very much dependent on 
the through thickness fibre distribution. Similarly to the situation in the beam 
specimens, cracking in the plates having a matrix concentration near the free surface 
was unstable. It was not possible with these specimens to dissociate the crack initiation 
from the growth, preventing therefore the determination of the distance dy (see figure 
5.8-b) necessary for the stress calculation. However, tests on the plate specimen with a 
fibre-rich zone near the free surface gave stable crack growth. It could be concluded 
from the video recording made during these tests, that the crack always initiated along 
the x-axis, meaning that dy is equal to zero. It is therefore assumed that the cracks 
initiate at dy = 0 for all plates which exhibit unstable crack growth. This is the position 
of maximum theoretical bending stress in a plate for a given position dx, as was shown 
in figure 5.10. The measurement of dx was performed from the analysis of the video 
record after testing using the same x-y table fitted with a travelling microscope as for 
the beam specimens. 
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The stress at the formation of the first transverse crack in the unidirectional plates as 
presented in table 5.8 illustrates the distinction in cracking behaviour just described. 
The unidirectional plates having the matrix concentration at the free-surface failed at a 
10% higher stress than the fibre-rich specimens. Hence more energy was stored in the 
matrix layer before the formation of the crack than in the plates having the fibre 
concentration at the free-surface.  
 
 
Lay-up: [906F]s [906M]s [904F/04F]s [904M/04M]s 

)(
*,

90
1ftcσ  (MPa) 93.8 104.1 75.8 75.1 

rsd (%) 11.4 10.7 20.4 7.1 

table 5.8: Stress at the formation of the first transverse crack in plate specimens. 

 
For the cross-ply plates, table 5.8 shows that the average stress reached at the first 
transverse crack is similar for both types of through thickness fibre distributions. Once 
again, the relative standard deviation on the ‘fibre-rich’ specimens is higher than for 
the ‘matrix-rich’ plates. The failure stress consisting of thermal plus mechanical stress 
for the cross-ply laminates is around 20-25 % lower than the stress at failure in the 
unidirectional plates, where only the mechanically applied stress acts. 

5.4. Discussion 
It is worth recapitulating the results obtained at this stage. For this purpose, the failure 
stresses are summarised in two figures, which compare all the results for the different 
test conditions in the unidirectional (figure 5.11) and cross-ply lay-ups (figure 5.12).  
 

5.4.1. Effect of the beam edge quality 

A first general observation concerns the influence of the prepared beam edges on the 
formation of a crack. It was expected that damage on a fibre-matrix level induced by 
the sawing of the beam would act as an early trigger for crack formation and therefore 
reduce the inherent strength of a laminate. Although the specimen preparation induced 
damage was obvious, no significant influence on the stress level required for the 
formation of the first transverse crack could be measured. Preparing the beam 
specimens with a low pressure metallurgical saw, in order to minimise the sawing 
induced edge damage, did not improve the strength of the beams.  
 
The stress required for the formation of the first transverse crack in the plate 
specimens, where the crack forms sufficiently far away from the edges, was always 
higher than for beam specimens. Edge effects in beams do therefore reduce the stress 
required for the formation of the first transverse crack, although the quality of the edge 
preparation does not seem to be of great importance. This means that the average stress 
in the outer layer at the formation of the first crack in the unidirectional beam cannot 
be used as the strength of the material. A similar conclusion was drawn on other 
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grounds by Peters [18], who found that the stress at the formation of a transverse crack 
in tensile specimens was dependent on the thickness of the 90° layer. 
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figure 5.11: Stress at the first transverse crack for beam and plate unidirectional specimens;                     

+: individual specimen results; ♦: average 
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figure 5.12: Stress at the first transverse crack for beam and plate crossply specimen;                     

+: individual specimen results; ♦: average 

5.4.2. Effect of the through-thickness fibre distribution 

The effect of the location of the 30 µm thick matrix-rich layer is significant for both 
the beam and plate geometries considered. In the case of the unidirectional lay-up, the 
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shaded bars in figure 5.13 show that the stress at failure is always greater when the 
matrix rich zone is located outwards for an equivalent geometry. This increase in 
strength is also associated with unstable crack growth. In contrast, the stress at failure 
for cross-ply specimens (unshaded bars in figure 5.13) is essentially the same for a 
particular geometry, regardless of the through-thickness fibre distribution. The stresses 
at failure in cross-ply specimens are also lower than those for the corresponding 
unidirectional system. Hence in the case of the unidirectional material, having the 
matrix-rich layer oriented outwards serves as a protective layer, increasing the stress at 
the formation of the first transverse crack and preventing the formation of starter 
cracks from a free-surface defect.  
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figure 5.13: Comparison of the average stress at first transverse crack between unidirectional and 

cross-ply beams and plates for the different configurations tested 

 
Since the failure stress varies with fibre distribution in the unidirectional case, a direct 
consequence is that a single stress criterion, based on the stress at the formation of the 
first transverse crack of the unidirectional laminate, cannot be used as a fracture 
criterion.  
 
A possible explanation for the lower failure stress in the cross-ply specimen has been 
given in [13 (chapter 2 of this thesis)], based on the idea that interlaminar residual stresses 
in cross-ply laminates induce micro-damage on a fibre-matrix level. This finding has 
been supported by numerical results of a finite element model, focused on the stress 
arising around the fibre-matrix interface in the presence of interlaminar residual 
stresses in the cross-ply laminates. A study of a SEM image of a fracture surface gave 
the information that the fibre-matrix interface is generally poor in the case of the 
thermoplastic matrix used. The finite-element model therefore considered the non-
adhesion of the matrix to the fibre as a first approximation. The model predicted a 
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maximum von Mises stress in the matrix with application of the residual stress alone 
of 122 MPa, which is higher than the matrix yield stress of around 105 MPa. 
 
This confirms the possibility of yielding around the fibre as was observed on the SEM 
micrography [13 (chapter 2 of this thesis)], when only the residual stresses are present 
after fabrication and before any mechanical loading of the cross-ply laminate. 
 
Although polyetherimide is known as being ductile, it is also notch sensitive and fails 
in a brittle manner when notches or other stress concentrations are present [19]. It is 
assumed that the plastic zone generated by the residual stresses provides a source of 
local crazes, which leads to early crack initiation. Any micro-damaged zone present in 
the 90° layer could also extend during subsequent loading, before coalescing to form a 
full crack. Such a micro-damage growth mechanism can also explain why having the 
matrix-rich region on the free-surface does not act as a protective layer in the cross-ply 
laminate. The micro-damage induced by the residual stress can propagate into the 
matrix layer, hence providing starter cracks at the free-surface. This would reduce the 
energy necessary to form the transverse crack and lead to a lower failure stress.  
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5.5. Conclusion 
In this paper the influence of interlaminar residual stresses on the transverse cracking 
of transversally loaded carbon-polyetherimide cross-ply laminates has been 
considered. In particular the effects of the specimen edges on the cracking behaviour 
have been studied. For this purpose two different specimen geometries were used, a 
beam loaded under three-point bending and a square plate on a circular support loaded 
centrally by a spherical indenter. In addition, the effect of through thickness fibre 
distribution of the laminate was assessed. The validity of a single stress criterion to 
predict failure was checked by first testing unidirectional specimens, which have no 
interlaminar residual stresses and then with cross-ply laminates under the same test 
conditions.  
The following conclusions were drawn from the analysis of the stress normal to the 
transverse crack plane at the formation of the first transverse crack.  

 
The stress reached at the formation of the first crack is lower in beams than in plate 
specimens. The presence of beam edges therefore has a negative influence on the 
strength of the structure, although the quality of the cut edges does not seem to 
effect the failure stress of the beams. 
 
There is a large variation in the stress at first transverse crack in the unidirectional 
specimens, depending on the specimen geometry, laminate lay-up and the presence 
of a matrix-rich zone at the specimen free surface. This means that this stress 
cannot be regarded as the intrinsic strength of the material in the transverse 
direction. It is interesting to note that the matrix-rich zone considered in this paper 
acts as a protection layer in the unidirectional laminates, which increases resistance 
to crack initiation but makes the subsequent crack growth unstable. 
 
Furthermore, the stress for first transverse crack formation in the cross-ply 
laminates is lower than the corresponding stress in the unidirectional laminate for 
every case considered. This makes the use of a single stress criterion invalid for the 
system considered. This reduction in stress for failure in cross-ply laminates can be 
due to micro-damage on a fibre-matrix scale which may provoke early crack 
growth. This micro-damage is induced by the presence of interlaminar residual 
stresses in the cross-ply laminates. 
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Chapter 6 
 

Concluding remarks 
 
 

6.1. On the residual stress relaxation 

Chapter 2 considered the evaluation of the relaxation of the ply-to-ply residual stress in 
carbon-polyetherimide cross-ply laminates from fabrication to testing. It is shown that, 
for this system, relaxation should be taken into account in any stress analysis where 
reasonable accuracy is required, for example when evaluating a failure criterion. 
A theoretical model based on viscoelastic behaviour of the polyetherimide matrix was 
used to evaluate the relaxation. Experiments conducted to measure the relaxation 
showed that the model requires some additional factors to be taken into consideration. 
The stress level reached in the carbon-polyetherimide system selected can induce 
transverse cracking, which contributes to the increase in compliance measured during 
relaxation. According to chapter 2 the contribution of both viscoelastic and damage 
mechanisms on the relaxation were of the same order of magnitude in the system 
considered. The experimental procedure used to measure the relaxation involved a low 
frequency loading-unloading cycle. The effect of using this technique on the actual 
relaxation of stress is unknown, but is thought to be small, as previously discussed in 
chapter 2. 
 

6.2. On the presence of residual stress induced micro-damage 

Although micro-damage induced by the thermal stresses was not observed as such, its 
existence was demonstrated in several indirect ways. Direct observation of micro-
damage at the fibre-matrix interface would be extremely difficult with current 
knowledge and techniques. Any invasive techniques used to observe the damage at a 
microscopic could, themselves, be argued to have caused the damage. 
 
In chapter 3, arguments in support of micro-damage occurring were that the ratio 
between the theoretical and the experimental bending compliance before the 
occurrence of the first transverse crack decreased with increasing residual stress. It was 
argued that this relative increase in measured compliance can be related to the 
presence of residual stress induced micro-damage, which increases the compliance of 
each layer in a direction perpendicular to the fibres. This was interpreted by the use of 
an apparent transverse modulus E2d derived from the bending measurement. 
 
The observations based on the analysis of the experiments were supported by the 
numerical results of a FEM model, which evaluated the stresses in the matrix around 
the fibres in a cross-ply laminate, under the action of the residual stress alone. The 
model showed that the stresses reached in the matrix could exceed the yield stress of 
the polyetherimide, especially when the fibre-matrix bond was poor. It is argued that 
this can lead to local micro-cracking.  
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Chapter 5 shows that, for the same laminate lay-up, the stress at the formation of the 
first transverse crack is higher for the plate-like specimens than for the beam 
specimens. An increase of up to 25 % can be reached. It is worth noting that this edge 
effect is not influenced by the way the beam specimen edges are prepared. It was also 
shown that a matrix rich layer on the free surface enhances the strength of 
unidirectional specimens. This enhancement disappears in cross-ply specimens, due to 
the presence of residual stress. It is argued that the residual stress induced micro-
damage can affect the matrix layer and therefore reduces the energy necessary to form 
a crack. 
 
Consideration of a maximum stress criterion to predict failure demonstrated that the 
presence of residual stress beyond a certain level could induce micro-damage. The 
conclusions which can be drawn on this basis are given in the next section. 
 

6.3. On the use of strength-based failure criteria 

The use of a maximum stress criterion to predict failure was used to highlight the 
presence of residual stress induced micro-damage. It shows that, for the geometry and 
the system chosen, the maximum stress criterion cannot be used for the system 
examined when the residual stress exceeds a critical value (25 MPa for the carbon-
polyetherimide system considered). Beyond this critical value, micro-damage occurs 
under the action of residual stress. 
 
The application of a maximum stress criterion for the prediction of the formation of a 
transverse crack is known to be affected by the thickness of the 90° layer. The present 
study has shown that taking the residual stress for the evaluation of the stress criterion 
into account cannot simply be done by adding the residual stress to the mechanically 
applied stress. Chapter 3 shows that the residual stress relaxation plays an important 
role. It is also shown that, beyond a certain level of residual stress (25 MPa for the 
carbon-polyetherimide system considered), micro-damage occurs which leads to 
crack-like defects. These reduce the energy necessary to form a crack and therefore 
lowers the stress at failure. The fact that a matrix rich layer at the free surface of a 
laminate only enhances the failure stress in unidirectional structures also serves to 
show that a strength-based criterion is not applicable when residual stresses are present 
in the cross-ply structure.  
 

6.4. On the use of fracture mechanics 

The application of fracture mechanics requires the existence of an initial crack in the 
specimen. It has been argued that the residual stresses can lead to the formation of 
micro-cracks in the cross-ply beams, which makes the application of fracture 
mechanics approach promising.  
 
It was possible to describe, at least qualitatively, the dependence of the residual stress 
on the energy released at the formation of the first transverse crack. The limitation for 
producing a reliable prediction comes from the problems in the evaluation of an initial 
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starter crack length, as well as the absence of critical energy release rate data on this 
material system, especially for the growth of a transverse crack.  
 
It is worth mentioning that the results presented in this study can provide a value for 
the critical energy release rate for transverse cracks as a first approximation. Values of 
650 and 800 J/m2 are calculated, depending on the assumptions taken for calculating 
the residual stress. 
 



108  Appendix 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



Appendix  109 

Appendix A 
 

E2 as a function of the curvature of a [90/0] laminate 
 
 
In the case of large plates, the classical lamination theory (i.e. using a linear strain-
displacement relation) can be used to predict the curvature of non-symmetric plates 
[17,18]. We will here develop the CLT solution using the theorem of minimization of 
total potential energy. From this solution, an expression for the elasticity modulus of 
the off-axis layer will be derived. 
The total potential energy for a ply with thermal effects can be written as: 

∫ −




 ∆−=

vol
extklijklijijkl WdVolTeeec

2

1
W β  

where ijβ  are constants related to the thermomechanical properties of the layer. The 

assumptions taken are: 
• During the cooling process: external work Wext is negligible. 
• Plane stress means that the tensor components ijklc  reduces to the *ijQ  with i,j = 

1,2,6, and in the case of a 0° layer: 
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For the 90° layer, the reduced stiffness coefficient are transformed into the global 
coordinate system and become: 
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• linear strain displacement relation:  
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• out of plane displacement field: 
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These assumptions lead to 4 unknowns: o
y

o
xyx εεκκ ,,,  which will be replaced in the 

following expressions by a, b, c, d. The total potential energy then becomes: 
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The factor k in the above equation relates to the layer considered. This relation reduces 
to: 
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when using the standard CLT definitions: 
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The minimization of the total potential energy leads to a system of 4 linear algebraic 
equations: 
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This system can then be solved for the 4 unknowns, giving amongst others an 
expression for the curvature κx (which is equal but of opposite sign to κy): 
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where h is the total laminate thickness of the laminate. This expression can be 

simplified by neglecting second order terms ( 2
21ν ): 
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This expression can then be solved for 2E : 
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Appendix B 
 

Shear deflection of composite beams 
 
 
The unit-load method used by Gere & Timoshenko [1] for isotropic beams will be 
applied here for composite beams. This method is based on the principle of virtual 
work, which is stated by Timoshenko as follows: “If a deformable structure in 
equilibrium under the action of a system of loads is given a small virtual deformation, 
then the virtual work done by the external forces is equal to the virtual work done by 
the internal stress resultants.” In the unit-load method, the external virtual work extW  

is the product of a unit load acting on the structure and the real displacement ∆ through 
which it moves. The internal virtual work intW  is the work performed by the stress 

resultants caused by the unit-load as those stresses move through the deformations 
caused by the actual loads: 

int.1 W=∆  (B-1) 
The problem therefore implies the development of an expression for the internal virtual 
work. Only the axial and shear stress resultants will be considered here. For the 
isotropic case, these stresses are calculated as follows: 
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with Mu and Vu the bending moment and shear force caused by the unit load, Iy the 
second moment of inertia, z the vertical distance from the neutral axis to the point at 
which the stress is considered, Qy the first moment of the area under z and b the 

specimen width. Using the notations defined in figure A.1, the bending stress )90(
*1,bσ  

and through the thickness shear stress )90(
*1,bτ  in the 90° layer are in the case of a [90/0]s 

laminated beam: 
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with D the flexural flexibility, which in the case of the cross-ply laminated beams is 

01902 IEIE + , and t the total beam thickness. The stresses in the core layer are: 
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figure A.1: Dimensions of the [90/0]s laminated beam. 

 
The axial and shear strains in the 90° and the 0° directions are derived from the stresses 
but using LM  and LV  produced by the actual loads: 
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An expression for the virtual internal work acting on a differential element is obtained: 
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This expression needs to be integrated throughout the volume of the beam. The axial 
and shear term will be separated here for clarity. 
 
The axial term. 
The axial term of the virtual internal work is developed as follows: 
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The shear term. 
The shear term of the virtual work may be written as: 
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which can be developed to: 
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Application on a simply supported beam. 
The unit-load method will now be applied to the point loaded simply supported beam 
case. For a beam of length L, the following expressions for the unit-load and actual-
load bending moment and shear force are valid: 
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For the axial term, expression B.1 simplifies to: 

D48

FL3

axial =∆  

Which is similar to the solution obtained by Timoshenko [1]. 
For the shear term, we obtain: 
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Adding the last two expressions gives the total deflection. It is given here as a 
compliance csth:  
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It is worth noting that this last expression simplifies for a unidirectional laminate or 
even an isotropic beam ( 0;; 0231321 === tGGEE ) to the Gere & Timoshenko 

relation obtained following the same principle: 
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